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INFINITE PARTICLE SYSTEMS
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SIDNEY C. PORT AND CHARLES J. STONE

ABSTRACT. We consider a system of denumerably many particles that are

distributed at random according to a stationary distribution  P   on some

closed subgroup X  of Euclidean space. We assume that the expected number

of particles in any compact set is finite.  We investigate the relationship

between  P   and the distribution  Q  of particles as viewed from apartide

selected "at random" from some set.  The distribution  Q  is called the tagged

particle distribution.  We give formulas for computing P   in terms of  Q  and  Q

in terms of  P   and show that, with the appropriate notion of convergences, Pn

-^P   implies  Q     — Q  and vice versa.  The particles are allowed to move in an

appropriate translation invariant manner and we show that the tagged particle

distribution  Q    at a later time 1 is the same as the distribution of particles at

time 1 as viewed from a particle selected "at random" from those initially in

some set.  We also show that  Q    is the same as the distribution of particles at

time 1 as viewed from a particle selected at random from those at the origin,

when initially the particles are distributed according to Q.  The one-dimen-

sional case is treated in more detail.  With appropriate topologies, we show

that in this case there is a homeomorphism between the collection of stationary

distributions  P   and tagged particle distributions  Q.   A stationary spacings

distribution  Q     related to Q  is introduced, and we show that with the appro-

priate topology the map taking  Q  to  Q„   is a homeomorphism.  Explicit ex-

pressions are found for all these maps and their inverses.  The paper concludes

by using the one-dimensional results to find stationary distributions for a class

of motions of denumerably many unit intervals and to establish criteria for con-

vergence to one of these distributions.

1.  Introduction.  In this paper we investigate several topics involving in-

finite particle systems in Euclidean space.  The work was suggested especially

by the papers of Ryll-Nardzewski [5L Slivnyak [6], Mecke [4], Harris [2] and [3L

Spitzer [7], and Stone [8].  Othet related work can be found in the references in

[3]-  In §s2—7 essentially what we do is extend to the general case results that

had previously been known under one or more of the following restrictions: no

multiple occupancy; one-dimension; no marks.   Of these restrictions the first is

the most serious and getting rid of it usually first requires a proper reformulation

of the results.   In §8 we apply our results to study the motion of a system of

"hard rods." This application actually motivated much of the present work.
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Let X be a closed subgroup of R   . We consider a system of denumerably

many particles in  X.   Associated with each particle is a mark ttz, where  ttz  lies in

a complete separable metric space M.  Typical marks are the momentum or velocity

of the particle.  We actually do not use the marks in any significant way, but they

can be included with very little effort and may be useful in future applications.  At

any rate, the case of no marks is covered by letting  M be a set consisting of a

single point.

We assume that there are only a finite number of particles in any compact sub-

set of X. By ordering the particles we are led to a sequence S(x ., m.)] of elements

of  X x M.   The equation

(1.1) JJ coidx, dm)fix, m) = £ Ax¡> m)
i

defines a counting measure <u  on  X x M  such that (úÍA x M) < °o for every com-

pact subset A   of  X.   From now on, by  \ix ., m )\ we really mean the counting

measure w defined by (1.1).

The set  ÎÎ  of such counting measutes can be made into a complete separable

metric space.  By a measurable subset of 0  we mean a Borel set.  By introducing

the appropriate probability structure, we can think of  !(x., ttz.)! as a random pro-

cess, called a marked process on  X.   The process is said to be stationary if

¡(x. + t, m )\ has the same distribution as t(x., ttz.)! for all  I £ X.
i i ii

Consider a stationary marked process having distribution P. If the expected

number of particles in some nonempty open set is finite, there is a constant aiP)

such that the expected number of particles in the set A having Haar measure |A|

is just  a(p)|A|.  Otherwise we set  aiP) = <*>.

Consider a stationary marked process having distribution  P such that 0 <

a(P) < 00. In §3 we investigate the relationship between  P and the distribution

Q  of particles viewed from the position of a particle selected "at random" from

some set A.   In order to give this a precise formulation, we let w + / cotrespond

to i(x . + t, ttz .)!  as <u  corresponds to   i(x ., m )\. We show that there is a unique

probability distribution Q  on ß such that for any Borel set A   in X with  |A| < =»

and any bounded measurable function / on Í1

aiP)\A\ jQ(dco)fioj) = fpidoj)   £   A»-*,.)•
x.eA

1

The measure Q, which assigns probability one to \co: w(iOS x M) > 0¡, is called

the  tagged particle distribution corresponding to  P.   Theorem 3-2 is essentially

contained in Theorem 2.3 of Mecke [4].

As an example, in §3 we let   P  be a compound Poisson process in which the
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number of particles at a site where particles are present has distribution  F.   Then

Q differs from   P  only in that, independently of the behavior of the process away

from the origin, a random number of particles is placed at the origin, whose dis-

tribution G is given by

G(dx) = xF(dx)/f°° xF(dx).

In §4 we use the multidimensional ergodic theorem to verify the existence

of certain limits involving (ú.  In terms of these limits we give a formula for com-

puting  P in terms of Q and a(P).

Let  P  ,  n > 1,  and  P be distributions of stationary marked processes such

that  a(P ) —> a(P) as  22 —> <*>, a(P ) and a(P) being assumed finite and posi-
77 77 ° r

tive.  Let Q ,  n > 1, and Q be the corresponding tagged particle distributions.

In §5  we show that   P    —> P weakly if and only if  Q    —» Q    weakly.  The present

version of the first part of the proof of Theorem 5.1 was suggested by the referee,

whose suggestions also led to simplifications in the derivations in §4.

Suppose that initially at time  0 the particles are distributed according to

!(x., 222.)| and that at some later time, say time 1, the zth particle is at x.   and

has the mark 22z .  The process  j(x., 722., x., 222.)}  is called a  marked motion process

and may be precisely defined by means of an equation similar to (1.1) as a random

counting measure on X x M x X x M.  The marked process is said to be  translation

invariant if  f(x. +t, m ., x. + t, 222 )} has the same distribution as  !(x., 222., x., 222.)!

for all  t £ X.   Let   P and  P    denote the distributions of j(x ., 222.)! and j(x., 222.)!.

If the marked motion process is translation invariant, then   P and  P    are station-

ary and  aiP) = a(P').

Suppose we are given a translation invariant marked motion process such that

0 < a(P) = a(P') < 00.  Let Q and Q'  denote the tagged particle distributions

corresponding to  P and  P . In §6 we show that Q    is the distribution of the

marked process at time 1 viewed from the position at time 1 of a particle selected

"at random" from those initially in some fixed set. We also show that Q    is the

distribution of the marked point process at time 1 viewed from the position at

time 1 of a particle selected at random from among those particles initially at the

origin, when the particles initially are distributed according to Q.  (To do this,

of course, we need to define a marked motion process corresponding to an arbi-

trary initial distribution.) If the distribution  P is such that with probability one

no two particles occupy the same location, then the process distributed according

to Q  has exactly one particle at the origin.  In this case Q    is the distribution of

the marked process at time 1 viewed from the position at time 1 of the particle

initially at the origin, when the initial distribution is Q.   The results of this

section were strongly suggested by similar results in §6 of Harris [3] under the
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restriction of no multiple occupancy and in Spitzer [7, pp. 272 and 280], where

some particular models allowing multiple occupancy are considered which involve

motion of particles on a countable set.

In §7 we consider the one-dimensional case in more detail. Let J denote the

collection of all distributions   P  of stationary marked processes such that  o.(P)

< °° and  P(&) = 0) = 0.  Let J. denote the collection of the corresponding tagged

particle distributions.  We determine  d explicitly.  We show that, in terms of the

appropriate topologies, the map that takes   P  into the corresponding  Q  is a homeo-

morphism of J onto J-.  We find closed form expressions for this map and its

inverse.  Let J-0  denote the collection of distributions of stationary sequences

{(■q., m)\ suchthat  r¡. > 0,  r¡Q  has finite expectation, and  X- ^77 .= S°^72. = °°

with probability one.  We show that if J-Q  is suitably topologized there is a natural

homeomorphism between J. and J-0 which, together with its inverse, can be

written in closed form.  As a consequence we also get closed formed expressions

for the composed map from J   to J-0 and its inverse.  The distribution QQ £ <*L

corresponding to  P £ J   is called the  spacing distribution corresponding to  P.

The results of §7 are applied in §8 to study the behavior of the motion of a

system of "rods." These rods, by definition, are unit intervals on the real line

which are constrained not to have any interior points in common at any time. We

consider a fairly general family of motions that satisfy this constraint.  In the

simplest setting, when these rods move with random velocities, two rods exchange

velocities when they collide.  We show that the system of moving rods has a sta-

tionary distribution   P  which is a stationary renewal process, so that the corre-

sponding spacing process  ¡77 |  is a sequence of independent identically distri-

buted random variables; moreover  27.-1   is exponentially distributed.  We also

give conditions which guarantee convergence to this stationary distribution as

time approaches infinity.  The basic method used is to apply the results of §7  to

reduce the results for the interacting motion of the rods to the corresponding re-

sults about independent motion of particles.

2.  Preliminaries.  Let X be a a'-dimensional closed subgroup of R   , which

we can assume to be of the form

X = \x = ixl, .. •, xd): xk £ Z for  1 < k < dx \,

where Z denotes the integers. The most interesting cases are X = R     when

d. = 0 and X = Z    when d. = d.  We let  | [ denote Haar measure on X,  defined

as the product of counting measure on the first d.   coordinates of X and Lebesgue

measure on the last d — a\   coordinates of X.

Let  M denote a complete separable metric space.  By measurable sets in  M

we mean the Borel sets.
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A marked counting measure o>  on X x M  is an integer-valued measure on

X x M such that ojÍA x M) < °° for each compact subset A  of X.  Associated with

each measure i>  is its realization as a sequence of points !(x., ttz.)1 where

JJ coidx, dm)fix, m) =   ¿, fix ., m .).

Let  Q be the collection of all marked counting measures on  X x M.  We can

make Í2  into a complete separable mettic space in such a manner that eu    —• cu  as

tz —» °° if and only if

lim    JJ oj  idx, dm)fix, m) =JJ túidx, dm)fix, m)
72—°°

for all bounded continuous functions  / having support in a set of the form A x M

where A   is compact.  By a measurable set in 0 we mean a Borel set. By a marked

process, we mean a random marked counting measure distributed according to some

probability measure   P  on  fi.

For a) e ÍÍ and  t £ X,   we define co + t to be the marked counting measure

given by

JJ ico + t)idx, dm)fix, m) =    JJ toidx, dm)fix + t, m).

Thus  (oj + t)ÍA x M) = (úÍA - t, M). Observe that co + t is a jointly continuous

function of oj and t.

Consider a marked process having distribution  P.   The measure   P  and the

process are called  stationary  if

fpidoj)fioj + t) =   fpidoj)fi(o)

for all  t £ X and bounded measurable functions  / on  0.

It is convenient to introduce the notation NÍA) = NÍA, co) = ojÍA x M) for

Borel subsets A  of X and NÍx) = NÍ\x\) for x £ X.

Suppose   P  is a stationary distribution such that  FAi(A) = JP(a&))A/(A) < co

for some nonempty open subset A  of X.   By stationarity, it follows that ENÍA)

< oo for all compact subsets A   of X.  Set piA) = EAi(A) for all Borel subsets A

of X.   Then p  is a Radon measure on  X  such that, for all Borel sets  A C X and

all  t £ X,  p;(A + /) = fiiA).  By the uniqueness of Haar measure there is a non-

negative constant  a(P) suchthat piA) = a(P)|A |, where  |A|   is the Haar measure

of A.  Thus for all Borel sets A C X,  ENÍA) = a(P)|A|. If ENÍA) = «. for every

nonempty open set A C X,  we set  a(P) = oo.
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Let ü   denote the set of u> £ fi such that N(B) = °o for each of the 2    orthants

of X.  Observe that ß   is not complete.

Theorem 2.1.   Let  P  be the distribution of a stationary marked process. Then

(2-D Piíl*) = P(N(X) > 0).

Proof.  Let B = jx: 0 < x1 < °°,  1 < i < d\ denote the positive orthant of X and

set u = (l, • ■ • , l) £ B.  Since B - 22a Î X and B + nu I 0   as n —> °°,  it follows

that lim NiB - nu) = NÍX) and  lim     „ NÍB + nu) = 0 if NÍB) < «.. Thus
n—.00 n—°°

lim   PiNiB - nu) = O) = PÍNÍX) = O)
77—o»

lim   PiNiB + nu) = 0) > PiNiB) < «,).
77—00

By stationarity,  PÍNÍB ± nu) = O) = PÍNÍB) = O) so (2.3) implies that PÍNÍB) = O)

> PÍNÍB) < °°) and hence that

(2.4) P(/V(B) = 0) = P(/V(B) < 00).

We conclude from (2.2) and (2.4) that

(2.5) PiNiB) < <*>) = PiNiX) = 0).

Similarly (2.5) holds for each of the other  2    — 1   orthants of X  and hence (2.1)

holds.

For a Borel set A C X,  let zV (A)= N (A, a>) denote the number of distinct

sites in  A   occupied by particles.  By definition

N*iA)= Z lAix.)/Nix).
r\        I I

t

Clearly 0 < zV*(A) < NÍA) and  N*(A) > 0 if and only if NÍA) > 0.

Let (o be distributed according to a stationary distribution  P such that

a(P) < co. Then there is a nonnegative constant A(P) such that EN (A) =

A(P)|A|  for all Borel sets A C X having finite measure. Clearly 0 < XÍP) < aÍP)

and A(P)>0 if and only if a(P) > 0. Since  ENÍA) = a(P)|A|, we conclude that if

0 < \A\ < 00, then NÍA) = N*ÍA) with probability one if and only if a(P) = A(P).

Thus  a(P) = A(P)  if and only it N = N    with probability one or, equivalently, if

and only if, with probability one, co assigns distinct locations to each of the par-

ticles.

For r > 0, set A  = jx £ X: \x'\ <r, i = 1, 2.d\.  The next result extends

Korolyook's theorem.

(2.2)

and

(2.3)
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Theorem 2.2.   Consider a stationary marked process having distribution  P such

that aiP) < oo.   Then

(2.6) a(P) = lim^E[MAOV(Vsli].

Proof.  For r > 0 set r. = {x e X:  0 < x'' < r,   i=l,2, ..., d\. To prove (2.6)

it suffices to show that

(2.7) a{p) = ¡j» jf] £'v(r7M|N*(rr)=i|-

To verify (2.7) we let Ai     ÍF¡), n £ Z  , be the random variable defined by

Ai     ÍFA = Ninr+F)l.   , ,  if 7zr+-r   CT.   and  N     (l\) = 0 otherwise.
r.n      1 r    |n   (nr+Tr) = l I T l r.n     \

We also set  N ÍF A = 2 N     ÍFA-  Then  0 < Ai (r.) < N(r.) and, with probability
7 I 72      7,72 I — 7 1       — i * '

one,   Ai (F.) = Ai(r.)  for  r sufficiently small.  Thus by dominated convergence

a(P) = EzV(r,)= limFJV(r,)=lim   Z EN    (T.).
1 r-0 r 7-0     72 '•"

As  r —' 0 there are asymptotically   1/|T |   values of tz  such that  nr + F   C F..

Thus by stationarity we conclude that (2.7) holds and hence (2.6) holds.

Corollary 2.1.   Let  P  be as in Theorem 2.1.   Then

(2.8) A(P) = lim —  PÍN*ÍA ) = 1)
7-0 \Ar\

and, if aiP) > 0,

(2.9) a(P)/A(P) = lim E\NÍA )\ N*iA ) = 1].
7-0 r T

Proof.  We obtain (2.8) by applying Theorem 2.2 directly to the random distri-

bution  Ai   .  Clearly (2.9) follows immediately from (2.6) and (2.8).

3. Tagged particle process.  Throughout this section we consider a stationary

marked process having distribution  P such that 0 < a(P) < oo. Set Í2. =

lw: Ai(0)> 0).

Theorem 3.1.   There is a unique distribution Q  on fi,  called the tagged par-

ticle distribution, such that

(3-D a(P)|A| foidto)fiw) = jPidco) Z fat - *;^/*,)

for all nonnegative measurable functions f on fi  and all Borel subsets A   of X

having finite measure.  Q  is such that Q(fin) = 1.
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Proof.   Let / be a nonnegative bounded Borel function on  fi.  Consider the

measure  X    on  X  defined by

\fiA) = jp(dco) £ fico - x)lAix).

It follows from the stationarity of  P  that XÁA + t) = À (A) for all  / 6 X.   Thus

there is a constant BÍf) such that B(/)|A| = à.(A) whenever  \A\ <<x. Choose \A\

such that 0 < ]A| < <».  Then

(3.2) Bif) = — (Pidoj) E fioi - x )1 Ax )
\A\ '

holds for all nonnegative bounded Borel functions  /.   Thus there is a unique prob-

ability measure  Q  on  fi  such that

(3.3) (uidco)fioj) = -L B(/)
^ a(P)

for all such /.  It follows from (3.2) and (3.3) that Q  is the unique distribution

satisfying (3.1).   By setting  / = 1Q     in (3.1)  we conclude that Q(fiQ) = 1.

Theorem 3.2.  (i)  Q   is the unique probability measure on fi  such that for any

bounded measurable function f on fi  and any bounded measurable function g on

X having compact support

(3.4) aÍP)foídco)ffíco + t)gít)dt = jPídco)fíoj)fgít)NÍdt).

(ii)  For any bounded continuous function f on fi,

(3.5) aíP) ÍQid(o)fí(o) = lim —,- fp(acü)/(oJ)/V(A ).
J r-0 |Af|

Proof.  Choose a Borel subset  A   of  X  such that   \A\ = 1.  Then

a(P) j Qidw) j fia> + t)g(t)dt =   ( Pidco)  Z fdtfico + t - x)lAix)git)
i

= jPidco) jdsT, ¡im + s)lAix)gix. + s)

= j P(dco) f ds T. fi(o)lAix. - s)g(x)

= jp(doj)f(a>) Z g(x) = jp(dco)f(ùi) j g(t)Nidt).

This establishes (3-4), from which (3-5) follows immediately.  Since (3.5) follows
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from (3.4) and uniquely determines  Q,  we conclude that (3-4) uniquely deteimines

Q.

Corollary 3.1.  Suppose  aiP) > 0  aTZ^ let f be a bounded continuous function

on Q.  Then

(3.6)-JQidco)fico) = lim  E[fíco)NÍA)\ N*ÍA) = l]

and, if the particles occupy distinct sites with probability one,

(3.7) (Q(doj)fico) = lim E[fico)\ NÍA ) = l].
J 7-0

This result follows immediately from Theorems 2.2 and 3.2.  According to

(3-7),  if the particles occupy distinct sites with probability one, then  QÍA) can be

intetpreted  intuitively as the "conditional probability of A  given that there is a

particle at the origin."   If X = Z   ,  then this interpretation is rigorous, as can

easily be seen by first letting  B = \0\ in (3.5) to conclude that

(3-8) a(P) f Q(deo)fa) = j Pidco)fico)NiO).

By letting  M  be a set consisting of a single point we can apply the results

of this section to otdinary counting measures (no marks).  We will do so in the two

examples below, where we compute  Q  explicitly in some important special cases.

Example 1.  Consider a random counting measure having distribution   P  on  Z

such that under P |a)(x),  x £ Z  \ are independent and identically distributed random

variables having density h and mean  a, 0 <   a < oo. Then under Q !<zj(x), x £ Z   \

are independent random variables such that coix) has density h for x 4 0 and

QicoiO) = y) = yhiy)/a.

This result follows immediately from equation (3-8) by considering functions

/ of the form fico) = Ux£ . fxicoix)), where /  is a finite subset of Z  .

Example  2   (compound Poisson process).  Consider a Poisson process  \t \

with parameter X on  X.   At the points  t. we lay down  £. particles, where  i£.|

are independent and identically distributed nonnegative integer-valued random

variables having density h,  mean p, 0 < p. < oo, and  i<f ¡ is independent of  ¡r\|.

The random counting measure  Ai  on  X  defined by  NÍB) = 2 £.1 At.), called a

compound Poisson process, is a stationary random counting measure whose dis-

tribution  P is such that a(P) = Xp. The corresponding tagged particle process is

obtained by starting with the otiginal compound Poisson process and independently

adding Ai(0)   particles to the origin, where QÍNÍ0) = y) = yhiy)/p.

To verify these conclusions, we choose A   in (3.1) such that  |A| = 1  and set

A*>) = lj,v(o),y|- Then by (3-D
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vecv(o) = y) = fpido) L iAix)i{N,Xj)=y] = fpidco) E eiAitt)i{giUy]

= y/p(a'W)Zl/,a¡)lií;=yj = Ay¿(y),

so that  QÍNÍ0) = y) = yhiy)/p.

Let A   , A ., • ■ • , A     be disjoint compact subsets of  X  such that  0 £ int A

Let  f i(o), 0 < 2 < 22,  be bounded continuous functions of a>  such that  /.(&>) de-
1 i —    — ' i

pends only on the restriction of <o  to  A  . Then for  r sufficiently small  A   C/l

and hence

¡Pida) fi /WMA/) = Ef0ioj)NiA) fi E/,-(ft>)'
¡=0 7=1

We conclude from (3-5) that

77 77

ÖUu) fi /■(*>) = Il Ef.iœ) lim — - E/n(«)/V(A ).
7=0     ' , = 1 ' r-0   |Ar|

This shows that under Q the random variables fAoj), • • • , f (w) are independently

distributed and /j(w), • • • , f (w) are distributed under Q exactly as they are under

P. The remainder of the results of Example 2 follow from these observations.

4.  Applications of the ergodic theorem.  Let  P be the distribution of a sta-

tionary marked point process such that  0 < a(P) < oo and let  Q denote the corre-

sponding tagged particle distribution.  In this section we will obtain some applica-

tions of the multidimensional ergodic theorem.

Let i  denote the er-field of all Borel sets  A   in fi  such that   1 ,(d) + /) =

l^du)  with probability 1     (w.r.t.   P)  for every  t £ X.  Set

Ar = jx eX: |x'| < T, 1 < i <d\,       T > 0,

and set  C = Aj/2. Then  |C|=1.

Let  Zia>), O) £ fi,  be a random variable such that  f PÍdúj)\ZÍa>)\ < oo.   The

multidimensional pointwise ergodic theorem (see Theorem 17 of VIII.7 of Dunford

and Schwartz [l]) implies that there is an 3-measurable function  Z(<y), w 6 fi,

such that

(4.1) lim-   j       Zioj - t)dt = Z(oj)
T~°° l¿rl   JAT

with ptobability one w.r.t.   P.   It is easily seen by separating  Z  into its positive

and negative parts and using a truncation atgument that (4.1) is also valid in the

sense of i-, convergence w.r.t.   P.   Consequently  Z = E[Z|j].

Set
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,V = E[NÍC)\$] =  lim-; f     NÍC + t) dt.
T^\At\Jat

Since

f NÍC + t)dt< NÍA _) <   f MC + t) dt,
Jat-i ~       T ~ Jat + i

we conclude that

NÍAT)

both with probability one and in i- j   w.r.t.   P.   Observe that  EN = a(P).

Next we will show that

(4.3) P(/V = 0) = PÍN = 0).

To verify (4.3), let  B  be a relatively compact subset of X.   By (4.1)

(4.4) F   lim   J- ¡A    í\N(B+t)=0\^^=PÍNÍB) = 0).
T—oo \n j-\ T

It is easily seen that the random variable in the left side of (4.4) equals 1 when-

ever Ai = 0.  Thus  P(Ai = 0) < PÍNÍB) = 0). Since  B  is an arbitrary relatively com-

pact subset of X,  we conclude that  PÍÑ = 0) < PÍNÍX) = 0) = P(/V = 0).  But clearly

PÍN = 0) < PÍÑ = 0), so (4.3) holds.

Let / be a bounded measurable function on Ü. We conclude from (3.4) and

(4.2) that

(4.5) a(p)   '¡m   t-^-tJQ^Ja    fioJ+t)dt=  jPidoj)Ñfíoj).
T— oo IA j. | f

By letting / be the indicator function of the event that the limit in (4.2) exists and

is finite, we conclude from (4.5) that  Ai  exists and is finite with probability one

w.r.t.  Q.   Using a similar argument we conclude that if / is a bounded measurable

function on Í2  then

f (co) =   lim   •-   I      fito + t)dt
T—oo  \nf\ T

exists and is finite with probability one w.r.t.  Q.  We conclude from (4.5) that

(4.6) aiP) ) Qidco)Jico) = jpídco)Ñfíco).

By letting / denote the indicator function of the event   jzV = 0¡, we conclude from

(4.6) that N 4 0 with probability one w.r.t. Q.   It also follows from (4.6) that
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(4-7) aiP) f Qidoj)L^-l = /,-     j Pidoj)fico).

In particular

(4.8) ßiQ) =   ÍQÍdco) -=-Lr PiN ¿ 0).
J Ñ     a(P)

Let  P   be the distribution of a stationary marked process such that 0 <

ct(P ) < oo and let Q   be the corresponding tagged particle distribution.  It follows

from (4.7) that   Q    = Q  if and only if P    is of the form

fp'ídcü)fícü) = c f PÍdco)fico) + íl- c)fÍ0),

where  0 < c < l/PÍN ¿ 0).  It also follows from (4.7) and (4.8) that if Q'  = Q,  then

either of the conditions  a(P') = a(P)  ot  P'ÍN = 0) = PÍN = 0) guarantees that

P'  = P.

5.  Weak convergence of processes.  In the next theorem we indicate the extent

to which  P and Q depend continuously on each other.

Theorem 5.1.   Let  P  , n > 1,   be distributions of stationary marked processes

such that 0 < aiP  ) < oo and aiP  ) —. c as n —> oo,  where 0 < c < oo.   Let Q     be
n 77 77

the corresponding tagged particle distributions.   Then there is a distribution  P  of

a stationary marked process such that a(P)= c and P    —> P weakly if and only if

there is a probability distribution Q  on fi  such that Q    —* Q  weakly, in which

case Q   is the tagged particle distribution corresponding to  P.

Proof.  Suppose that   P    —> P  weakly and  a(P  ) —> aiP).  Let  / be a bounded

continuous function on  fi  taking values in [0, l]  and let  g be a nonnegative con-

tinuous function on  X  having compact support and such that  fgix)dx = 1.   It

follows from Theorem 3.1 that

(5.1) aiP  )   [o  ído>)fíüj)=   (P idoj) Z fia - x )gix )
77       J    ~ 77 ' J 77 I   ° I

and

(5.2) aiP) f Qiduj)fioj) = jPidoj) Z fi(ú - x)gix).

Since to + t  is jointly continuous in (D  and  /,  we conclude that

F(oj) = Z/(w - x)eix)

is a nonnegative continuous function on fi.  Thus by (5.1) and (5.2)
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(5.3) lim inf jQnídco)fíco) >  JQÍdco)fíco).
77—00

Replacing /by 1 - / in (5.3), we conclude that

(5.4) 1 - lim sup jQnídco)fíco) > 1 - jQidco)fico).
72—00

Consequently  lim  _^x fQ  ídco)fico) = fQÍdco)fíco), so that Q    —> Q weakly as

n —> 00.

Suppose conversely that  Q    —' Q weakly. Let A   be a compact subset of X

and let A be a bounded continuous function on 0 such that hico) = 0 whenever

NÍA) = 0.  Let g be a nonnegative continuous function on X having compact sup-

port and such that g = 1   on  A.   Set  GÍco) = ¡gít)NÍdt). Set  Hico) = max(G(tu), 1)

and fíco) = hí(o)/HÍco).  Then / is a bounded continuous function on  ÍÍ.  Also

(5.5) fico)Gico) = hico),       oy £ Q.

Equation (5.5) is obvious if GÍco) > 1.  If GÍco) < 1, then  1 > GÍco) >fAgít)NÍdt) >

NÍA).  Thus  NÍA) = 0 and hence fíco) = hico) = 0.  Thus (5.5) holds also if

GÍco) < 1.

By (5.5) and Theorem 3.2

aiP  )   (O idto)(hi(Û + ¥t)dt^  (P (dco)bico).
"   J " "       J    Hito + t) J    "

Thus

(5.6) lim     [P idco)hico) = c  foídoA f ^-Aéíldt.
72-00 J     » J  ~ J     Hico + t)

It follows from (5.6) and Theorem 2.3 of Harris [3]  that there is a probability

measure   P  on  fi  such that

(5.7) lim     ÍP (dto)b(co) =   fPÍdoAhíúA
77-00 *     " ^

for all  such functions  h.   From (5.7) and Theorem 2.1 of Harris [3]  we now con-

clude that   P    —• P  weakly.  Since   P     is stationary, so is  P.
72 7 72 ' '

It remains only to show that   a(P) = c,   since the first half of the proof of the

theorem then implies that O  is the tagged particle distribution corresponding to P.

From (5.6) and (5.7)

(5-8) fp(dco)hico) = c   [Qidco)  fhUojj)gíA dL
J J    Hico + t)

We can apply this formula when  hico) = NÍA) for some compact subset A   of  X

having positive measure and g = 1^.  Then  hico + t) = NÍA - t) and  Hico + t) =

max (MA - t),   1). Thus (5.8) becomes
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(5.9) f PÍdco)NÍA) = c (Qidoj)   f-N{A - l)       du
J J Ja max(/v(A -/), 1)

Since each  Q     assigns probability one to the set j/V(0) > 1 ),  so does  Q.   Thus with

2-probability 1,  NÍA - t) > 1,  t £ A,  and hence (5.9) reduces to fPídco)NÍA) =

c\A\, which implies that  aÍP) = c as desired.

6.  Marked motion process.   A marked motion counting measure yj  is an integer-

valued measure on  X x Mx X x M  such that  i/f(A xMxXxM)<oo  and

iJjÍX xMxAxM)<°° for all compact subsets A   of  X.   Associated with yj  is its

realization as a sequence of points  j(x ., 222., x., 777.)!  such that^ r 7 7 7 7

JJJJ ^idx, dm, dx', dm')fix, m, x', m ) = ¿* fix ., m ., x , 222.).
i

Let  y be the collection of all such measures  yj.  We can make  *P  into a com-

plete separable metric space in such a manner that yj    —> t/z  if and only if

lim  —00 jfdyj    = ffdyj tot all bounded continuous functions  fix, m, x , m)   which

eithet vanish for x  outside of some compact set or vanish for x    outside of some

compact set.  By a measurable subset of W we mean a Borel set.

For  \fj £ 1* and   t £ X define  yj + t £ V by

Äff'
III'

(i/z + t)idx, dm, dx', dm )fix, m, x , m )

yjidx, dm, dx', dm )/(x + t, m, x   + t, m').

Then  yj + t  is jointly continuous in  yj  and  t.   The measure  i/z gives rise to mar-

ginal marked counting measures co  and oj    on  X x M defined by

cjÍB) = i¡JÍB x X x M)    and     co'ÍB) = ifríX x  M   x   B).

Both t)  and w    depend continuously on  t/f.

By a  marked motion process  we mean a random marked motion counting mea-

sure  yj distributed according to a probability measure  R  on  *P.  We think of the

corresponding random marked counting measures co  and  co    as the marked processes

at times 0 and 1 respectively.  The distribution   R  gives rise to the marginal dis-

tributions   P  and  P    ot co  and co    respectively.  The marked motion process and

its distribution  R  ate called  translation invariant if   [RÍdyj)fíyj + /) = fRÍdip)fíyJ)

tot all bounded measurable functions  / on  *V and all  t £ X.   If  R   is translation

invariant, then  P and  P   are stationary.

Theorem 6.1.   //  P  a/za"  P    are ¿¿e marginal distributions corresponding to a

translation invariant marked motion process, then aiP) = a(P ).

Proof. Set A = jx e X: 0 < x' < 1, 1 < z < a"|. Then A + w,  n £ Zd,  is a
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partition of  X  into disjoint sets.  By translation invariance for  n £ Z   ,

JRidyj)ybiA x M x (A + zz) x M) = jRÍdxf/\fAÍA - tz) x M x A x M).

By summing on  tz £ Z     we conclude that

JRidyJ)if/iA x M x X x M) =  jRÍdifj)ifríX x M x A x M)

or equivalently that

/piziw^iA x M) = JpVw'VU x M).

This shows that  a(P) = a(P').

We assume throughout the remainder of this section that R is translation in-

variant and that 0 < a(P) = a(P ) < oo. Let Q and Q be the tagged particle dis-

tributions corresponding to P and P . Then Q is the distribution of co viewed

from a particle selected "at random" at time 1. We will now determine several

ways in which Q can be considered the distribution of co viewed from the posi-

tion at time 1 of apartide selected "at random" at time 0.

Theorem 6.2.   There is a unique distribution Q   on il such that

(6.1) a(P)|A| ¡QidcoAfico') = ¡RÍdyb) £ fico' - x'.)lA(x)
i

for all bounded measurable functions f on ÍÍ  and all Borel subsets A   of X having

finite measure.

The proof of this theorem is the same as that of Theorem 3.1.

Theorem 6.3.  Q = Q .

Proof.   Let  A   be a subset of  X  such that   |A| = 1.  Let  B be a Borel subset

of X  and  / abounded measurable function on 0.  Then

aiP) f Qidco') f   fico' + t)dt= JRidyj)  T, f fico' + t - x'AlAix )l   it) dt

= ¡Ridifj)   T^jfico' + s)l^(x.)lB(s + x'Ads
i

= fRÍdifj)fíco')   T,flA(x.-s)lB(x'.)ds

= fR(difj)fíco')N'ÍB) = jp'ídco')fico')N'ÍB).

Thus by Theorem 3.2 we conclude that  Q - Q .

Theorem 6.4.   There is a family SÍco, dub), co £ ÍÍ,  of probability measures on

W having the following properties:
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(i) Síco0, {ifj\coíyj) = co0\) = 1, coQ £ fi.

(ii) 5(w, B) is measurable in co for each measurable subset B  of W.

(iii) Sioj + t, B + t) = Sico, B).

(iv) // / is a nonnegative measurable function on 1*,  then

_[#.(#)/(«/» = jpidco) fsico, dyj)fiyj).

Proof.  See §8 of Harris [3].  (With respect to (iii),  Harris showed only that,

for fixed  / and  B,   it holds with probability one.  However, by using the fact that

*P is a complete separable metric space, it is straightforward but a little tedious

to show that there is a version so that (iii) holds as stated. See Appendix 2 of [3]

for similar arguments.)

By definition, Sico, •) is the conditional distribution of yj given co, when t/>

is distributed according to R.  More generally, we can use Sico, •) together with

any initial distribution of co  to define a distribution on V. In the next theorem we

will do this, letting co be chosen initially according to Q.  We will show that the

distribution of co    viewed from the position at time 1 of a particle chosen at ran-

dom from those at the origin at time 0 is just  Q .

Theorem 6.5.  For any bounded measurable function f on fi,

(6.2) (Qidco)isico,difj)-LTlfico'-x')U-Ax)=   ( Q'ideo')fico').
J J 2V(0)      i !        ¡U!        7 J

Proof. Set gico) = j Sico, dyj)il/NiO))l.fico' - xplj0j(x.). Then

gico - c) = J Sico - c, dyj) —— ¿^ fico' - xplj0j(x¿ - c)

=   I Sico, dip) --— Z fit»' - x'Als^Ax . - c).
•> nie) i 7   ¡ot  t

Let A   be a subset of  X  such that   \A\ = 1.  By Theorem 3.1 the left side of (6.2)

equals

—    (Pidco) Zg(w -x.)l.(x.)
aiP) J 7 1    A    >

= ~ ipi^ Ç !>,-) JíU #) ¿^ Ç fa' - x¡)lMíx. - x)
i

= J_    \ Pidco)  fsíco,dyj)Y--~—lAíx)fíco'-x')l<ñAx.-x)
aÍP) J J i,NÍx)Al 1    I0t    1       }'.i

7

= _J_   fR(^)£j_  1   (x )fíco' - x'AU.Áx . - X )
aÍP) J fi Nix)    A     ' z     10!    7        ,

z.7 7

= JL. ¡Rídif,) Z iáx )fíco' - x') = f eídu'víw') = / e'Uu'í-zW)
a(P) 7 ! '
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as desired.

We conclude this section by describing some continuity properties of motions

corresponding to independent translations.  These results will be used   in §8.

Theorem 6.6.   Let SÍco, dxfj)  be such that if co = j(x., ttz.)},  then if/  is dis-

tributed as  \ix ., m ., x  + w ., m )\,  where \w \ are independent and identically dis-
i      i      i i      i i r J

tributed random variables which are independent of   \ix ., ttz.)!.  Then SÍco, dip) de-

pends continuously on co iin the sense of weak convergence of measures).

Proof.  Let a»   —> co. We suppose that co (X x M) =o)(X x M) = », the modifica-

tions necessary to handle the other cases being straightforward.  We can suppose

that

= \ixM, ttz("0i    and    co = \ix,m)\,CO

where  x.     —> x. and  m      —► m    as  tz —> oo.  The distributions  Sico  , dip) and
l l l l 72 r

Sico, dip) correspond respectively to the distributions of

ifjn = \ix["\ m["\ x\n) + w., ttz<"0S    and     if, = [(*., m., x. + wf m)\.

But ip   —> if/ with probability one as  n —» oo and hence the distribution.of ip

converges weakly to that of  ip.

Corollary 6.1.   Let SÍco, dip)  be as in Theorem 6.6.  For any distribution  P  on

fl define the distribution  P    on fi  by the formula

fp'(dco')fico') = fpidco) ¡Sico, dif/) fico').

Then  P    depends continuously on  P iin the sense of weak convergence of

measures).

1.  One-dimensional case.  We will now assume that  d-1   and hence  X = Z

or  X = R.  We will consider a stationary marked process having distribution  P

such that  0 <  a(P) < oo and  PÍNÍX) > 0) = 1.  By Theorem 2.1 we can consider   P

defined on the Borel sets of

fi*= \co:  M(oo,  0)) = M(0,   oo)) = oo¡.

Closely   related to the tagged particle distribution  Q  is a "spacing process"

having distribution  Q„.  In this section, we will obtain closed form expressions

relating   P, Q,   and  Q0  to each other and show that these distributions depend

continuously on each other.

Let  S denote the collection of all doubly infinite sequences   cf of elements

tf. = (rz., 777.)  in  X     x   M,  where  X    = jx e X: x > 0],  such that 2      77. =
= 2        ' 1 '     1 —    " —00/2

2™-q  - 00. For the measurable sets on H take the product ff-field. For cf e H we

let 77 = 77(c) denote the doubly infinite sequence of elements  77 . The shift
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S: E^ H  is defined by  (Scf). = tf.+1 = (77. + 1, ttz. + 1).

Let co £ il . Then co corresponds to the sequence {(x., zrz.)}^ of elements

of X x M. We can assume that x. j > x. for all i, x < 0, and x. > 0. Clearly,

lim . x   = - 00 and   lim .   „ x . = 00 since there are only a finite number of the
2—.— 00        2 2—00        2 1

x 's in any compact subset of X.   Set  77 (oj) = x .   j - x., cf ico) = írj.íco), mico)), and

tf(oj) = IfXcu)}^. Observe that r]0ico) > 0, co £ il*.

For ç = {(77., ttz.)}^ in E,  let co(cf) be the element in Q    corresponding to

¡(v7o + ... +-77._j, zzz.)}^. Here  <70 + • • • +1l.1 = -(li+-+1.1)- ¿<- 1,  and

V0 + ■ ■ ■ + 77_ 1 = °-  Observe that   cu(<f> 6 iî*,  where O* = íw eiï*: zV(0) > 0}.

Observe also that

(7.1) toi£A<o)) = co,      co eil*,

(7.2) <fM£)) = cf    if and only if    77^ > 0,

and

(7.3) co(S'¿¡) = coig)- irj0 + ■ ■ • + 77.^).

Theorem 7.1.   Le; w0 6  tt*  tzW set  NÍ0) = NÍ0, coQ).   Then

i£eg: tu(|) = û)n}= !5-zcf(w0): 0 < 1 < NÍ0) - l\.

Proof. Observe that x_n(0)(oj0) < 0 and x_{coQ) = 0, 0 < i < NÍ0) - 1. Con-

sequently, 77N(0) > 0 and r)_ico0) = 0, 0 < i < A/(0) - 1. By (7.1) cü(£(oj0)) = co Q.

Choose   i such that  0 < 7 <  Ai(0) - 1.  Then

770(w0)+ .... + ri_._1ico0) = - [r¡_{co0)+ ••• + rl_lico0)] = 0

and hence by (7.1) and (7.3) coiS~ '£icoQ)) = tu(cf(aJ0)) = coQ.

Suppose conversely that  ç £ 'S, and coiç) = a)„.  Set

i = max j/': 77. + • • • + 77._ j = 0}.

Then 0 < i < MO) - 1  and w(S!cf) = coiÇ).  Also q^S^ > 0.  Thus by (7.2)

CicoiS^) = S*{. Consequently, ¿¡icoQ) = &.ú>(&) = #<u(S''0) = S'£ and hence £ =

S~'c;ico0). This completes the proof of the theorem.

A probability distribution on H is called stationary if S is measure preserv-

ing with respect to this distribution. Stimulated by the results of Ryll-Nardzewski

[4] we would like to define a distribution Qn on G which is stationary and corre-

sponds to  Q   in a natural way.

If Q(zV(0) > l) = 0,  we can let  QQ be the distribution of  ¿¡ico) when  co  is dis-

tributed according to  Q.   If,  QÍNÍ0) > l) > 0,   however, then  cf(w)  is not stationary.
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To see this   we need only obsetve that Qir)Qico) = 0) = 0 but Qir)_xico) = 0) =

QÍNÍ0) > l) > 0.   A reasonable guess is to choose   ¿¡ico) at random from the points in

jzf e H: coi£) = co\.  Led by this reasoning and Theorem 7.1 we define the  spacing

distribution QQ  by

¡QQ(j&gi&= Je^i r  gis-'e.«)),
N(0)     !=o

for g a bounded measurable function on S.

Theorem 7.2.   The shift operator S  is measure pre serving with respect to the

spacing distributions Q0.

As a first step in proving this theorem we will obtain a result that is itself

interesting.

Lemma 7.1.   Let f be a bounded measurable function on fin.   Then

(7.4) fQidco)tZ.^,fQidco)^.
J Mo) J NÍ0)

Proof of Lemma 7.1.  Consider the motion process j(x ., m ., x _ x, m ._ . )i.

Since co    = co  with probability one we conclude that   P    = P  and hence  Q   = Q.

Thus by Theorem 6.5

¡Qidco) -I-   Z fico - x .   ,)l(n}(x.)=      Qidco)fico).J N(0)       7 7-1       (01       1

Now *_(W(0)_n-•••-*„ =0  and x_N(0) < 0,  so

/gUu) -i-   liNiO) - 1)/(oj) + /X<u - x_N(0))] =$Qida>)fitu),

from which (7.4) follows immediately.

Proof of Theorem 7.2.   By setting fico) = giÇico)) in (7.4) we conclude that

(2.» f nw •"—-"•»". ftm.)^.
zV(0) •> /v(o)

By definition

Je0(^g(^ = /eUc)-L  2:   g(s-^w)
/V((J)     !=0

and hence



326 S. C. PORT AND C. J. STONE

ÍQ0íddgíS-lO=ÍQÍdco)±-   Z   g(S-'&*)).
N(U)   I=o

Consequently,

r                    ,                      ,           gíS-Nweico))-gíc;íco))
(7.6) JQ0iddígíS-le)-gíd)= j Qidco)-—-

Observe that

(7-7) 5-N(0V(o7) = cf(w-x_N(0)).

From (7.5)—(7.7) we conclude that the left side of (7.6) equals zero, which proves

the theorem.

For    co £ n , let 1/,-f^, be the atoms of the measure  Ai on X arranged in

increasing order so that  tQ = x      Then for A  a Borel subset of X,  Ai(A) =

2 Nit )lAit.).  The following theorem provides a characterization of the tagged

particle distribution  Q.   It says that  QÍdco)/NÍ0) is stationary in an appropriate

sense.

Theorem 7.3.   For any bounded measurable function f on ilQ,

c f{oj - 0     r   ,    s faü
(7.8) \0idco)--— =  \ Qidco) -—,       _oo<¿<oo.

J NÍO) J NÍO)

Proof.  Observe that  x   N(()^ = i_j.  Thus by Lemma 7.1 for any bounded mea-

surable function  h on  nQ,

(7.9)
r^*_>)) M

NÍ0) J ~~ Ai(0)

/hico - t_ Aco))
O(dco)-= \0(dco)-

Win) J

Set  hico) « fico - t (tu)).  Since   t {co - t   Aco)) = t.   Aco) - t    Aco), we conclude that
' z i — 1 z—1 —l

hico - t_ j(az)) = fico - t._ j(&))). Thus (7.9) becomes

r fico - t.   A       r fico - t )
J CjWo,)-^1_ =      Q(dco) ---- ,
J MO) J NÍ0)

which implies that (7.8) holds.

Theorem 7.4.  Lez g  be a bounded or nonnegative measurable ¡unction on S

and let A  be a subset of X such that 0 < |A| < oo.  Then

a(P)\A\ JQ0idOgiO = fpidco) L lAix)giS-^(co)).
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Proof.  It follows from Theorem 3.1 and the definition of 0Q that

N(x.)-1

a(P)|A|  ÍQM)gíO=   (Pídco) Zl.(x)-1-      ¿       giS-'¿Jico-x)).
i Níxj     y=0

Let  i,   be defined by  z, = 1  and  i,   . - i, = N(x . ). Then X.     . = x.   > x.     .,
k '      1 fe + i fe zfc Zfe+2 z/e Zfe"1

0 < i < NÍx. ) - 1, and hence

S-'Çico -x. ) = S->S~'kCíco) = s"k~'¿;íco),       0 < j < NÍx.  )- 1.
'k - lk

We conclude that

1 i

T,lAix)±-      Z       giS->tico-x))=ZlAix    )       Z        «(S"'«»-*,))
i N(x )     ;=o fe fe       ,=0 fe

^+i-!fe_1 'fe+r1

= IiA(x.)     z    gís"k'tío))=L Z í^u.)^-^))
fe !fe ,' = 0 fe 7=7,

from which the theorem follows.

We will now derive a series of formulas for computing   P, Q,   and  Qn  in terms

of each other.

Theorem 7.5.   Let f be a bounded or nonnegative measurable function on fi

a22a" let g  be a bounded or nonnegative measurable function on 5.  Then

(7.10) (P(dco)f(co) = a(P)   fgUu)_L   f  ° f((o-t)dt;
J ' J * ^(o) Jo

(7.11) a(P) J 0(dco)f(co) = J P(^)/(w - x0)
»»O

N(0)-1

<7-12> ÍQ^OgíO^QÍdco)!^    Z   g(5-^));

(7.13) J*0Uü)/(&>) = SüciaOfioÁC));

N(x0)-1

(7.14) a(P» ioAd$f.i&=   (P(dco)—       Z       g(5-''a«));

(7.15) fp(dco)f(co) = a(P)fo0(dÇ)J0       ficùiÇ)-Ùdt.
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Proof.  Let  A  be a subset of  X  such that   |A| = 1.  By Theorem 3.1

aiP) J Qidco) J hico - t)dt = J Pidco) Z J ¿(tu - t - x )l Aix ) dt

= jPGfa) Z/Mm - '-^.^^».»(^U.)*

= /jKA.)/Li(»-í)l[0i,o(6_Xí))(s-x.)lii(xf.)&

= J  PUcu) J Z Mo>)l[of^0(«M.Xf(a,+,)))(* - */w + s^A^M + s))^

= ¡PidMo) j Z l[o,,0(«-x.))<- »P1 A + ̂ s

= j P(dco)hico)  Z ljx =x   j = j Pidco)hico)Nix0).

In summary

(7.16) a(P) J Cj(acu) J hico-t)dt= jPidco)hico)Nix0).

Set  Mou) = fico)/Nix0)  in (7.16).  Since  Mcu - t) = /(tu - /)/Mxn), co £ il* and

0 < t< q0ico), (7.10) follows.

By setting hico) = fico - x0)/r]0  in (7.16), we obtain (7.11).  Equation (7.12) is

true by definition.

Setting giO = fícoí¿))  in (7.12),  and using Theorem 7.1, we find that

r r 1    N(0)-1 r
\ Q AdOficoiO) =   \ Qidco)-!—      Z     ficoiS-'£ico)))=  \ Qidco)fico),

J       u J NIC)) ^

which proves (7.13)-

To prove (7.14) we set fico) = (l/MO)) 2^~ 1 giS~ '£(«))  in (7.11)  and use

(7.12) to conclude that

/N(0)-1
Qidco)-I-    Z     giS-'^ico))

MO)     2-0

N(x0)-1 N(x0)-1

= f P(dco)—      Z       g(S-'¿ico-x0))= f Pidco)-        Z      giS-t&œ)).
V0     ¿=o ^o      <-°

To prove (7.15) we set g(rf) = /0° "  /(cj(tf) - ¿W/.  in (7.14) and obtain

aiP) fooidÇ) fo°       ficoie)-t)dt

OAl) N(x.)-l _,-

=   fpUoj)!        Z       i /(<u(S "^(ou)) -/)*.
1 Vo        ,=o     Jo
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Observe that co(£)) = o> — xAco) and

0, 0 < i < N(x0) - I.

rloÍS-'c;ico)) = T]oíco),    2=0,

Thus by (7.17)

aÍP)¡Q0id&¡ ficoi£)-t)dt =   ¡Pidco) — ¡q fico-xQ-t)dt

=   (Pidco) f--— lr As)fico - s)ds
J J   xx - xQ    Lxo,xlJ

C C lxAu+s),x,(u+s)r-S' c
=   I Pidco)fico) J   -~--J—--— ds =   I Pidco)fico),

... xAco + s) - xAco + s)
as desired. ' u

Corollary 7.1.   The following formulas involving  aiP) are valid:

f Nuo)
(7.18) ¡Pidco)-l=a(P);

^0

(7.19) ¡Qidco)-^-L = J--;
J NÍ0)     aiP)

(7.20) ÍQ0ídOr,0ít) = ̂ -.

Proof. Formula (7.18) follows by taking / = 1 in (7.11); (7.19) follows by

taking /= 1   in (7.10);  and (7.20) follows by taking / = 1   in (7.15).

Let f denote the collection of all stationary distributions  P on 0   such

that  aiP) < oo.  We topologize  J   such that  P    —> P  if and only if   P     converges

weakly to  P  and  <x(P  ) —> a(P)  as  22 —» 00.
J 77

Let  oi denote the collection of all probability measures   Q  on fin  such that

ßiQ) = fQÍdco)írj0/NÍ0)) < 00,  and for all nonnegative measurable functions  / on

O*

¡ico - I .)

_i=   (Oidco)^-l,
NÍ0) J NÍ0)

C             fico - t .)       c
Qidco)-1 =   ¡Oidco) — 00 *C 1 <C 00.

We topologize  Q  so that  2    —> Q  it and only if Q    converges to  Q  weakly and

ßiQ) —/3(e)  as  22 —00.

Theorem 7.6.  T/be //zap />o2zz J   to J. that takes  P  to the corresponding

tagged particle distribution Q  is a homeomorphism of J   onto U.   This map is

given explicitly by (7.11) and its inverse is given explicitly by (7.10) with

aiP) = l/j8(g).
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Proof. The main thing that needs to be shown is that every Q £ J. arises as a

tagged particle distribution. To this end, choose 0 £ J.. Let P be the probability

measure on  fi    defined by

(7.21) fpidco)fico) = -L   foidco) -L   f  ° fico - t)dt.
J ßiQ) J NiO) Jo

Using the definition of =¿  and the observation that  rj0ico - t.) = /.   , — t.,  we con-

clude that

Pidco)fico) = -L   \Q(dco) 4-   j '   fico - t. - t)dt
ßiQ) J NiO) J 0

= J-,   (Qidco) J-   {', + l~'1 fico -t.- t)dt
ßiQ) J NÍ0) Jo

1       f'z+l
(Qidco)--   f I + 1 fico-t)dt.

J NiO) J i.     '
ßiQ) J NiO) J i,

By summing on   z  we find that

\pidco)fico) = _L f eu«) -L (*; /(w - «>*.
J z-/3(e)J       mo) J °

Similarly

\pidco)fico - a) = —L    ( OUcu) J-,  Í      ''A*»- <)«/'
J ' ,fi(n)   J NO) Ja

„a + t.

ißiQ)  J *      " NiO)

and hence

üfLn/ii .

Since   z  can be made arbitrarily large we see that for / bounded  fPidco)fico - a) =

fPidco)fico).  This shows that   P  is stationary.

Observe that

jPidco)fico - a) - jPidco)fico) <

/ ico - t) =   /.(tu) - /, 0 < / < /.(cu),
7 7 —

/.(cu) = -  /     ico - t ), (O  £ fi*,

Nít .(cu - í), co - /) = MO, to- t),       0 < t < t, (eu),

and

/ (cu) - t.ico) - - t,     .(co - t .).
7 1 1—1 1

Thus by (7.21), for f > 0,
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B(Q) f Pidco)fico - t )Nit ,co)l. it )J i i A     i

r l     r'i^
=  \Qidco)-- f(co-t-t.(co-t))N(t.(co-t),co-t)lA(t.iio-t))dt

J zv(n) J o     ' « > A  '

r             1 /•'■
QUu)-fíco- t)NÍO,co- t)       '       lAs)ds

r 1 r~t     .(«-«.)

QUcj) /(cj - / )M0, tu - /.) "'        '     lAs)ds
J *■       /v(o) ' « J -A-A"-'?

= JQ(dco)fico)  f     "!   l^is)^.

By summing  on   z  we conclude that

(7.22) fpidco) Z fio - *,)!>,) = ¿^Y JQidoAfico).

Taking / = 1  in (7.22) we see that

(7.23) fP(dM)MA) = M.

From (7.23) and the fact that   P  is stationary we see that   P EJ,  It follows from

(7.22) that  Q   is the tagged particle distribution corresponding to  P.

We have now shown that the map described in the statement of Theorem 7.6

is an onto map.   It follows from (7.10) that the map is one-to-one.   Finally, we con-

clude  from Theorem 5.1 that both the map and its inverse are continuous.

Let  J-f.  denote the collection of all stationary probability measures   Q.  on

E such that y(Q0) m CQ0id£)r)0i& < 00.

Let Q  be in  =¿.   Then there is a unique   P £ J   having  Q  as its tagged par-

ticle distribution.   Let Qn  be the spacing distribution corresponding to  P.   By

Theorem 7.2 a'nd Corollary 7.1,  Q. £ d.~. We refer to QQ  as the spacing distri-

bution corresponding to Q.

Theorem 7.7.   The map from J.  to J.     that takes Q  to the corresponding

spacing distribution Qa   is one-to-one and onto.   It is given explicityly by (7.12)

aTza"   its inverse is given explicitly by (7.13).

Proof.  As in the proof of the previous theorem, the main difficulty is to prove

that the map is onto.  To this end, choose Q0 £ °lQ.  Let Q be the probability

measure on  n„  defined by

(7-24) ÍQ(dco)fíco) = fQ0idOficoiO).
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Let g be a nonnegative measurable function on S. We will show that (7.12)

holds.  As a first step we apply (7.24) to the function

N(0)-1

obtaining

N(0)-1 N(0,co(£))-1

Je(^)J-      Z      siS~%co))= fQ0(dO---1—- Z giS-'ticoid)).
J MO)     ¿=0 J     u /V(0, cu(<f)) ~o

Thus to show that (7.12) holds, we must verify

(7.25)   \Q0(do ^L^ N<° g)>'1 gis-tum = je0(^g(o.

Set  r = r(rf) = min S¿ > 0:  r¡. > 0\. Then f (cu(£)) = Srf and hence 5" !^(cu(çj)) =

S ~ lç. Consequently

/
1

NiO^TÄcf,) f?o

NWMi ))-l

/s.w
/V(0,C2(<f))-.   1

1 t— ,,(çr-'

Mo, cu(^)      £ó

0°       77-   1    77-  1

(5r- !cj)

Z     Z    Z    Ue0^^m"^1!r=777.N(0,.(i))=7,^
77 = 1    777=0    1=0

OO 77-  1   77-  1 .

I I I   }e0Wrti|, ,,,    >o,,   .,..„      1=0^
77 = 1     777=0    7=0    " m 777-77 777-1 777-77 + 1

00 77-  1     77-  1       ,

Z Z Z -jQ0ídOgioilv_>0¡v. >0tV.   ...,.   i=oi(a
77 = 1    777=0      7 = 0        " ' «-» '-' 7-77 + 1

Z   Z   /^^ljr=,N(0,^))=77¡^= ÍQo^giO,
„_1   ,-n77 = 1  7=0

which proves (7.25) and hence (7.12).

By setting g(<f) = >70(cf) in (7.12) we conclude that

(7.26) ßiQ) = Jo(acu) -^_ = Jöq^'.o^ < ~-

To show that  Q £ A. we need to show that for / bounded
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(7.27) fgU») í_íli.«   [Q(dco)M.J N(0) J MO)

It follows from (7.12) that for  g bounded

0 = /goU£)[g(0 - giS- l0] =   fQ(da>)-±- [gitico)) - g(S-N<°)rf(cu))]J MO)

= Jo(a-ou) -^ [g(f(cu)) - g(cf(cu -/_,))].

Now let  giO = /(cu(cf)).  Then, for w e n*, g(«f(cj)) = ficoiÇico))) = /(tu)  and

g(cf(a> - /_j)) = fícoí¿,íco - í_ j))) = ¡ico - t_l). Consequently il .21) holds and hence

Q £ J..  It follows from (7.12) that  Q~   is the spacing distribution corresponding

to Q.  We have now shown that the map described in the statement of Theorem 7.7

is onto.  It follows from (7.13) that the map is one-to-one.

We can make  S into a complete separable metric space such that ¿f   —> ç if

and only if ou(S'ç  ) —» coiS'ç) (or all integers   z.   If the set  M  of marks consists of

a single point, then  ç   —» ç  if and only if 77 (cf ) —> 77 (if) for all integers   i.

We can make  J.     into a complete separable metric space such that  QA   —*

Q0  if and only if  Qq     converges weakly to QQ  and  yiQ" ) —* y(ö0) as  tz —> 00.

Theorem 7.8.   The map from J   to J.Q  that takes  P  to the corresponding

spacing distribution Q„   is a homeomorphism of J   onto J.^.   This map is given

explicitly by (7.14)  aTza" its inverse is given explicitly by (7.15) with  <x(P) =

WyiQ0)-

Proof.  Consider   P £ f.  The maps  cu —» x (cu)  and co —> Çico) are continuous

with probability one with respect to   P.   For suppose  cu     and oun  are in n    and

co    —> cu„.    If either X = Z  or  Ai(0, co A =  0,  then  x io   ) —> x.(ou„)  fot all  z. Since
7! 0 ' 0 2        72 2        0

coiS'Çico  )) = co    - x .(ou   ) we see that oj(S!<f(cu  ))   —>    coiS'Çico  ))   tot all   1  and

hence  cfitu^) — ¿;icoQ).  But if X ¿ Z,   then  X = R  and   P(M0, ouQ) = 0) = 1.

In order to prove Theorem 7.8 we need only show that the map and its inverse

are continuous.  Suppose first that   P        and   P are in  J   and  P       —> P.   Let  A

be a compact subset of  X  such that   |A| = 1   and   |¿M| = 0.  Then

fpin)ídco)NÍA) = a(P("0 - a(P) = f PÍdco)NÍA).

Since the distribution of  NÍA) under  P       converges to that under  P,   we con-

clude that

(7.28) "«  'im sup j'P(n)idoANiA)U , = 0.
r— 00       n ...-00       •* 1     \     t   ' t
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Let g be a bounded continuous function on S.  By (7.28) and Theorem 7.4,

Je0")(a'cf)g(a = —V-  fpMidco) ZlA(x)gÍS-'¿;ico))
J    U aiP{n)) J ' l

-  _L  ¡Pidco) ZlAix)giS-'c;ico))= fooidOgiO
aiP)

and hence  eo"'  converges weakly to  eo- Since  YÍQq"^ = l/aÍP{n)) — l/a(P) =

yiQQ) we see that  Q^' —< eo-  Thus the map is continuous.

The proof that the inverse map is continuous follows by a similar argument

based on (7.15).

Corollary 7.2.   The map from J.  to o¿.   that takes  Q  to the corresponding

spacing distribution  Qn   is a homeomorphism from J-  onto J.q.

8.  Random motion of rods.  We will now apply the results of the previous

section to study the motion of "rods" on the real line.   By a rod we mean a unit

interval.  By the position of-a rod we mean the coordinate of its center.  The motion

will be such that no two rods have an interior point in common at any time.   In the

simplest setting, two rods interchange velocities when they collide.

We first motivate out general definition of the motion by working out the de-

tails of a simple numerical example.  Consider three rods labeled 0, 1, and 2,

starting out in the respective initial positions —1, 2, and 7 and having the respec-

tive initial velocities 1,-1, and —2.   If these rods could move independently of

each other with these velocities, the position  X .(/)  of the z'th rod at time  / would

be given by

X0(/)   =-   1   +/, 0   <   /   <  oo,

Xj(/) = 2-/, 0 < / < oo,

X,(/) = 7-2r,        0</<oo.

Our rods, however, are constrained not to overlap.  We let this be done by suppos-

ing that two rods interchange velocities when they collide.  The motion is now

as illustrated in Figure 1.

Let  y .(/) be the true position of the ¿th rod at time  /.  We see by inspection

of Figure 1 that

Y0it) = - 1 + i,    0</<l,       i'1(i) = 2-/J    0</<l,

= 1-'<        1<'<4, =/> l</<2,

= 5-2/,      4 </; =6-2/,   2 < / <4,

= 2 - /,     4 < /;

Y2(/) = 7-2/,    0 < / < 2,

= 1 + /,       2 < /.
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Fot each t the functions   Y it) can be obtained by first writing  X it) - z   in non-

decreasing order and then adding   z  to the resulting values.  For example, if  t > 4

we obtain

X2it) - 2 = 5 - 2t,       Xj(/)-l = l-f,       X0(r)-0 = -1+/.

By adding   i  to the   z'th such value we find that

Y0(/)=5-?/,       Vj(/) = 2-/,       Y2(t)=l + t,

which agrees with our previous formulas for  t > 4.

Consider now a doubly infinite sequence of motions  X it), 0 < / < oo,  satis-

fying the conditions

(8.1)

and

(8.2)

X .  . (0) > X (0) + 1,       - oo < ,' <
2 + 1 - 2

lim   X .(/) - i' = + oo,       0 < t < ■

For positive integers   zrz and  77   let   Y .     it) - i,  - m < i < n, be the numbers
* ° 272272 — —

X .(/) - i,   — m < i < n,   arranged in nondecreasing order.   It follows from (8.2) that,
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for fixed z  and  t,   Y .     it) is constant in   ttz and  tz for  ttz and  tz  sufficiently laree.
Z77272 J o

We denote the constant value by   Y it) = lim „ Y .     it).  Clearly
1 l 772,72 —°° 277272 '

(8.3) Y.it)-i<Y.(t)-j,       i<j.

It follows from (8.1) that

(8.4) Y.(0) = X.(0),       - oo < i < oo.
2 /

Similarly for each pair of positive integers   m and  tz  and each  / > 0 there is a one-

to-one map   z —> v .     it) of \i: - m < i < n\ onto itself such that  v .     it) < v.    it)
x Z77272 —        — 277272 /772T2

if and only if either

(8.5) Xit)-KXiA-j

(8.6) X .(/) - i = X .(/) - /'       and   i < j.

The function  v.it) = lim v .     it) exists and is a one-to-one function of the
l 772,72-00        277272

integers onto itself such that v.it) < v.(/) if and only if (8.5) or (8.6) holds. More-

over,  v (0) = i and

(8.7) YViU)U)-v.U)-X.U)-i.       0<;<oo.

This construction was suggested by that of Harris [3].

Suppose we replace the functions  X it) by

(8.8) X*iA = X     . (/) + c.
, + 'o

Then

(8.9) y*(rO= Y .   .it) + c,
1 2+2q

(8.10) u*it) = v.^.(t) - i0,

(8.11) Y\    it) - v%) = X%) - i,
v (<)

and

(SA2) K*JtUY*.      (0(i) + C-
i ' + '0

Let iff .(/),  z" > 0}^^ be independent and identically distributed stochastic

processes such that f .(0) = 0 and

(8.13) E    sup    |cf.(/)|<oo,       0<T<oo.
0</<T      '
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Let  JX .(O)j00     be random variables which collectively are independent of

jçj.(r), i>OrM and such that X .+1(0) > X .(0) + 1,  XQ(0) < 0 < Xj(0), and

x.(o)
(8.14) lim inf ——> 1,

I — ¿OO l

each with probability one.  Set  X .(/) = X (0) + rf.(/),  / > 0.  Then with probability

one (8.2) holds for all  t > 0, so [Y .it), / > 0] is well defined. We can think of

JX.(/)1  as a random counting measure  Mr)  defined by  jfíx)NÍt)ídx) = X.fíX .(/)).

Similarly we can think of  ÍY.(/)S as a random counting measure.   Let   Pit) denote

the distribution of  JY.(/)S and let   Pit) denote the distribution of  JX.(/)S-  Then

P(0) = PÍO).

Suppose now that  P(0)  is a stationary distribution.  It follows from (8.14) that

0 < a(P(0)) < 1.  For any fixed t > 0,  j(X.(0), X .(/))} defines a translation invariant

marked motion process.   Thus   Pit)  is stationary and  a(P(/)) = a(P(0)).  It follows

from (8.9) that  j(Y.(0),  Y.(/))i is a translation invariant marked motion process.

Thus   Pit) is stationary and  a(P(/)) = a(P(0)) = a(P(0)). It follows from (8.12)

that  IÍY v .inS®'*   ^v-(t)^^'  ÍS a translation invariant marked motion process.

Since  v .(/)  is a one-to-one map of the integers onto itself  {Yv , At)\ = ÍYu)5 in

the sense that they both define the same counting measure.  Thus  {Yv.,.St)\ also

has  P(r) for its distribution.

Let  QÍt) and  Q Qit) denote the tagged particle distribution and spacing dis-

tribution corresponding to  Pit).  Let  J77.S be distributed according to QQit)- Then

¡27. - 1¡  is a spacing process, whose distribution we denote by eñ   i^'  ^et

e~  (f) and  P~  it) denote the distributions in J- and j   corresponding to eñ  (')•

Let  e^O) and  en^O) denote the tagged particle distribution and spacing dis-

tribution corresponding to  P(0).  Let  {r¡ \ be distributed according to eo(0). Then,

for c < 1,   J7i. - c¡  is a spacing process, whose distribution we denote by  Q~c(0).

Let  e_C(0)  and P_c(0)  denote the distributions in  J- and  J   corresponding to

egC(0).  Consider particles placed down according to the distribution   P_c(0) and

translated by the independent motions   !£.(/),  / > OS.  Let  P~cit) be the distribu-

tion of the particles at time  /.   Let  Q~cit) and  Q~cit) be the tagged particle dis-

tribution and spacing distribution corresponding to  P~cit).

The next theorem enables us to reduce results involving the interacting sys-

tem  j Y (/),  / > OS to those of the independent motions  JX .(/),  / > 0¡.

Theorem 8.1.  Q~1it) = Q~Ht), t > 0.

Proof.   From (8.7) we see that

(8.15) Yv(t)ít)-Yv U)ít)-ív.it)-v0ít)) = X.ít)-i-Xít),       f>0.
2 0



338 S. C. PORT AND C. J. STONE

Suppose that   ÍX .(0)} = ÍY.(O)} = ÍYv(0)(0)} is distributed according to 2(0).

Choose  / > 0.  It follows from Theorem 6.5 that  iY„ ,.At) - Y„ ,.-,(/)} is distributed

according to Qit). But v.it)-vQit) is the rank of  Yv ,At) in  ¡Yv ,.(/)}, taking

the rank of  Yv  ,.At) to be zero.  By looking at the corresponding spacing distri-

butions we see that

is distributed according to  Q~   it).

Choose 0 < c < 1.  Then !X.(0) - ci\ is distributed according to Q~ciO).

Moreover, the points   ÍX (0) - cz'} are distinct with probability one.  We conclude

from Theorem 6.5 that  iX.(z) - ci - XAt)\ is distributed according to Q~cit).

Clearly QqCÍ0) converges to QJT  (O) as  c —»1.  It follows from Theorem 7.8 that

P-c(0) converges to  P~   (0) as  c —► 1. We conclude from Corollary 6.1 that

P~c(i) converges to  P" Ht) as  c -» 1.  Thus by Theorem 7.6, Q~cit) —>Q~Ht)

as  c —» 1.   It is obvious that the distribution of  ¡X it) - ci - X.u)} converges

weakly to that of  ÍX .(/) - i - XQit)\ as   c —» 1.  Consequently the latter is distri-

buted   according to Q~  it). The theorem now follows from (8.15).

Let Px denote the distribution of the Poisson process with parameter X on

R. Let Qx and ÍQ0\ denote the corresponding tagged patticle distribution and

spacing distribution. Let Í77 S be distributed according to (Q0)a* Then ¡77} is a

collection of independent random variables, each having an exponential distribu-

tion with parameter X. Let (20\ ^e tne distribution of Í77^. + 1} and let Qx and

Px be the corresponding distributions in =f and J . The next theorem shows that

P^  is an invariant distribution for the ÍY .(f) i process.

Theorem 8.2.   // P(0) = P{,   then  Pit) = P\ for all t > 0.

Proof.  Suppose   P(0) = P{.  Then   P(0) = P(0) = P\,  so ¡20(0) . (QQ)¿.  Thus

Q-  (0) = (Q0)\   and hence  P~  (0) = Px.   The Poisson distribution is well known

to be invatiant for motions defined by independent ttanslations.   Thus   P~   it) =

Px and hence  <2_1(f) = Qx. We conclude from Theorem 8.1 that Q~lit) = Qx.

Thus Qq\í) = ÍQ0)X  and hence QQit) = iQQ)[. Consequently  Pit) = P[ as de-

sired.

In order to obtain convergence to the invariant distribution, we need to as-

sume that

to ,a   lim     Z    \PÍan<¿;ít)<ain + l))-PÍain-l)<c;0ít)<an)\=0,

0 < a <

This condition is satisfied if fQ(f) = vQt,  0 < t < 00,  where  vQ  is a positive

random variable having an absolutely continuous distribution, or if Ç0u)> 0 < f <oo,
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is a nondegenerate process with stationary independent increments (see Stone [18]).

It is also satisfied if ¿f„(/), / > 0, is normally distributed with a variance approach-

ing infinity as   / —» oo.

Recall that N  denotes the limit of  Nil- T, T])/2T as   T —» °°.  We will con-

sider distributions   P £ J   such that

(8.17) Ñ = aiP)    with probability 1 w.r.t.  P.

In the next theorem we will see that under appropriate conditions the dis-

tribution of  JY.(/)S converges to an invariant distribution as   / —> oo.

Theorem 8.3. Suppose that (8.16) holds and that JY.(0)S is distributed accord-

ing to a  PÍO) £ f  that satisfies (8.17).   Then

(8.18) "m   PW=P¿.
/ — CO

where A = a(P(0))/(l - a(P(0))).

Proof. Suppose that  P(0) £ J   satisfies (8.17).  It follows from Theorem 7.4

that

_     .    % + ■ • • + V i        l
77 =   lim-= —;—— -

i aíPÍO))

with probability one w.r.t.  QAO).  From this we conclude that

_       aiPiO)) _   ,
(8.19) N =-——     with probability 1 w.r.t.   P" HO).

1 - a(P(0))

From (8.16), (8.19),  Theorem 2 of Stone [8],  and Theorem 2.1 of Harris [3]  it

follows that  lim^^ P~lit) = Px ,  where  A = a(P(0))/(l - a(P(0))).  Thus by

Theorem 7.6  lim,^ Q~lit) - Qy  By Theorem 8.1   lim^^ Q~ Ht) = Qy  It follows

from Corollary 7.2 that  lim     ^ eo   it) = ^Öo^A'  Consequently  Ik Qnit^ =

(eo)x-  Finally, we conclude from Theorem 7.8 that (8.18) holds as desired.
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