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ABSTRACT. We consider a system of denumerably many particles that are
distributed at random according to a stationary distribution P on some
closed subgroup X of Euclidean space. We assume that the expected number
of particles in any compact set is finite. We investigate the relationship
between P and the distribution Q of-particles as viewed from a particle
selected ‘‘at random’’ from some set. The distribution Q is called the tagged
particle distribution. We give formulas for computing P in terms of Q and Q
in terms of P and show that, with the appropriate notion of convergences, P,
—P implies Qrz — Q and vice versa. The particles are allowed to move in an
appropriate translation invariant manner and we show that the tagged particle
distribution Q' at a later time 1 is the same as the distribution of particles at
time 1 as viewed from a particle selected ‘‘at random’’ from those initially in
some set. We also show that QI is the same as the distribution of particles at
time 1 as viewed from a particle selected at random from those at the origin,
when initially the particles are distributed according to (. The one-dimen-
sional case is treated in more detail. With appropriate topologies, we show
that in this case there is a homeomorphism between the collection of stationary
distributions P and tagged particle distributions Q. A stationary spacings
distribution QO related to Q is introduced, and we show that with the appro-
priate topology the map taking Q to QO is a homeomorphism. Explicit ex-
pressions are found for all these maps and their inverses. The paper concludes
by using the one-dimensional results to find stationary distributions for a class
of motions of denumerably many unit intervals and to establish criteria for con-
vergence to one of these distributions.

1. Introduction. In this paper we investigate several topics involving in-
finite particle systems in Euclidean space. The work was suggested especially
by the papers of Ryll-Nardzewski [S], Slivayak [6], Mecke (4], Harris [2] and (3],
Spitzer [7], and Stone [8]. Other related work can be found in the references in
[3]. In §$§2-7 essentially what we do is extend to the general case results that
had previously been known under one or more of the following restrictions: no
multiple occupancy; one-dimension; no marks. Of these restrictions the first is
the most serious and getting rid of it usually first requires a proper reformulation
of the results. In $8 we apply our results to study the motion of a system of
“hard rods.”” This application actually motivated much of the present work.
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Let X be a closed subgroup of R?. We consider a system of denumerably
many particles in X. Associated with each particle is a mark m, where m lies in
a complete separable metric space M. Typical marks are the momentum or velocity
of the particle. We actually do not use the marks in any significant way, but they
can be included with very little effort and may be useful in future applications. At
any rate, the case of no marks is covered by letting M be a set consisting of a
single point.

We assume that there are only a finite number of particles in any compact sub-
setof X. By ordering the particles we are led to a sequence {(xl., mi)i of elements

of X x M. The equation

(1.1) ffm(dx, dm)f(x, m) = Z /(xl., mi)

defines a counting measure @ on X x M such that w(A x M) < = for every com-
pact subset A of X. From now on, by {(xi, mi)} we really mean the counting
measure  defined by (1.1).

The set  of such counting measures can be made into a complete separable
metric space. By a measurable subset of {} we mean a Borel set. By introducing
the appropriate probability structure, we can think of {(x, m )} as a random pro-
cess, called a marked process on X. The process is said to be stationary if
§(xl. +t, mi)} has the same distribution as f(xl., mi)f for all ¢ € X.

Consider a stationary marked process having distribution P. If the expected
number of particles in some nonempty open set is finite, there is a constant a(P)
such that the expected number of particles in the set A having Haar measure |A]
is just a(P)|A|. Otherwise we set a(P) = o.

Consider a stationary marked process having distribution P such that 0 <
a(P) < . In §3 we investigate the relationship between P and the distribution
Q of particles viewed from the position of a particle selected *‘at random’’ from
some set A. In order to give this a precise formulation, we let w + ¢t correspond
to {(xz. +t, mi)} as ® corresponds to {(xi, mi)}. We show that there is a unique
probability distribution © on @ such that for any Borel set A in X with |A] <ee

and any bounded measurable function / on Q

dP)A] [0d)f(w) = [Pldw) T fw - x).
x .€A
1
The measure Q, which assigns probability one to fw: w({0} x M) > 0}, is called
the tagged particle distribution corresponding to P. Theorem 3.2 is essentially
contained in Theorem 2.3 of Mecke [4].
As an example, in §3 we let P be a compound Poisson process in which the
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number of particles at a site where particles are present has distribution F. Then
Q differs from P only in that, independently of the behavior of the process away
from the origin, a random number of particles is placed at the origin, whose dis-

tribution G is given by

Gldx) = xF(dx)/f: xF(dx).

In $4 we use the multidimensional ergodic theorem to verify the existence
of certain limits involving w. In terms of these limits we give a formula for com-
puting P in terms of Q and a(P).

Let P, n>1, and P be distributions of stationary marked processes such
that OL(Pn) — a(P) as n — =, OL(Pn) and a(P) being assumed finite and posi-
tive. Let Q , n> 1, and Q be the corresponding tagged particle distributions.
In §5 we show that P — P weakly if and only if Q,— Q weakly. The present
version of the first part of the proof of Theorem 5.1 was suggested by the referee,
whose suggestions also led to simplifications in the derivations in $4.

Suppose that initially at time O the particles are distributed according to
{(xi, mi)} and that at some later time, say time 1, the ith particle is at xl{ and

has the mark ml' The process {(xi, m,, x'l., mli)i is called a marked motion process

1
and may be precisely defined by means of an equation similar to (1.1) as a random
counting measure on X x M x X x M. The marked process is said to be translation
invariant if {(xl. +t, m, x'l. +t, m'i)} has the same distribution as {(xi, m., %, m'i)}
forall t € X. Let P and P' denote the distributions of {(xl., mi)f and {(x'i, m:.)}.
If the marked motion process is translation invariant, then P and P’ are station-
ary and a(P) = a(P").

Suppose we are given a translation invariant marked motion process such that
0<a(P)=a(P')<ew. Let Q and Q' denote the tagged particle distributions
corresponding to P and P’. In §6 we show that Q' is the distribution of the
marked process at time 1 viewed from the position at time 1 of a particle selected
“‘at random’”’ from those initially in some fixed set. We also show that Q' is the
distribution of the marked point process at time 1 viewed from the position at
time 1 of a particle selected at random from among those particles initially at the
origin, when the particles initially are distributed according to Q. (To do this,
of course, we need to define a marked motion process corresponding to an arbi-
trary initial distribution.) If the distribution P is such that with probability one
no two particles occupy the same location, then the process distributed according
to Q has exactly one particle at the origin. In this case Q' is the distribution of
the marked process at time 1 viewed from the position at time 1 of the particle
initially at the origin, when the initial distribution is Q. The results of this

section were strongly suggested by similar results in $6 of Harris [3] under the
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restriction of no multiple occupancy and in Spitzer [7, pp. 272 and 280], where
some particular models allowing multiple occupancy are considered which involve
motion of particles on a countable set.

In §7 we consider the one-dimensional case in more detail. Let ® denote the
collection of all distributions P of stationary marked processes such that a(P)
<o and Plw =0) = 0. Let 2 denote the collection of the corresponding tagged
particle distributions. We determine 2 explicitly. We show that, in terms of the
appropriate topologies, the map that takes P into the corresponding Q is a homeo-
morphism of ? onto 2. We find closed form expressions for this map and its
inverse. Let 90 denote the collection of distributions of stationary sequences
{(, mi)i such that 7, >0, 7, has finite expectation, and 2"_;711: ‘(’;r]i = oo
with probability one. We show that if 90 is suitably topologized there is a natural
homeomorphism between 2 and 5’20 which, together with its inverse, can be
written in closed form. As a consequence we also get closed formed expressions
for the composed map from & to 90 and its inverse. The distribution Q € 90
corresponding to P € P is called the spacing distribution corresponding to P.

The results of $7 are applied in $8 to study the behavior of the motion of a
system of ‘‘rods.”’ These rods, by definition, are unit intervals on the real line
which are constrained not to have any interior points in common at any time. We
consider a fairly general family of motions that satisfy this constraint. In the
simplest setting, when these rods move with random velocities, two rods exchange
velocities when they collide. We show that the system of moving rods has a sta-
tionary distribution P which is a stationary renewal process, so that the corre-
sponding spacing process {1]1.} is a sequence of independent identically distri-
buted random variables; moreover n,; - 1 is exponentially distributed. We also
give conditions which guarantee convergence to this stationary distribution as
time approaches infinity. The basic method used is to apply the results of §7 to
reduce the results for the interacting motion of the rods to the corresponding re-

sults about independent motion of particles.

2. Preliminaries. Let X be a d-dimensional closed subgroup of R¢, which

we can assume to be of the form
X=fx=0l oo, xD:x* €7 for 1 <k<d

where Z denotes the integers. The most interesting cases are X = R? when
d, = 0 and X = Z% when dl =d. We let | | denote Haar measure on X, defined
as the product of counting measure on the first &, coordinates of X and Lebesgue
measure on the last 4 — d, coordinates of X.

Let M denote a complete separable metric space. By measurable sets in M

we mean the Borel sets.
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A marked counting measure » on X x M is an integer-valued measure on
X x M such that w(A x M) < = for each compact subset A of X. Associated with

each measure @ is its realization as a sequence of points {(xi, mi)} where

Jf otax, dmitx, m) = Efx, m).

Let Q be the collection of all marked counting measures on X x M. We can
make () into a complete separable metric space in such a manner that © —w as

n — oo if and only if
lim fjwn(dx, dm)f(x, m) =ffw(dx, dm)f(x, m)

for all bounded continuous functions f having support in a set of the form A x M
where A is compact. By a measurable set in {} we mean a Borel set. By a marked
process, we mean a random marked counting measure distributed according to some
probability measure P on (0.

For o €} and t € X, we define w + ¢ to be the marked counting measure

given by
ff(w + dx, dm)f(x, m) = ffw(dx, dm)f(x + t, m).

Thus (w + t)(A x M) = w(A ¢, M). Observe that @ + ¢ is a jointly continuous
function of @ and ¢
Consider a marked process having distribution P. The measure P and the

process are called stationary if

JPo) o + 0 = [Pldw)fw)

for all ¢ € X and bounded measurable functions [ on .

It is convenient to introduce the notation N(A) = N(4, w) = w(4 x M) for
Borel subsets A of X and N(x) = N({x}) for x € X.

Suppose P is a stationary distribution such that EN(A) = [P(dw)N(A) < o
for some nonempty open subset A of X. By stationarity, it follows that EN(A4)
< o forall compact subsets A of X. Set u(A) = EN(A) for all Borel subsets A
of X. Then p is a Radon measure on X such that, for all Borel sets A C X and
all t € X, p(A + t) = p(A). By the uniqueness of Haar measure there is a non-
negative constant a(P) such that u(A) = a(P)|A|, where |A| is the Haar measure
of A. Thus for all Borel sets A C X, EN(A) = a(P)|A|. If EN(A) = = for every

nonempty open set A C X, we set a(P) = .
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Let QF denote the set of @ € Q such that N(B) = = for each of the 2¢ orthants
of X. Observe that @ is not complete.

Theorem 2.1. Let P be the distribution of a stationary marked process. Then

(2.1) P(Q*) = P(N(X) > 0).

Proof. Let B = {x: 0< x' <o, 1 < i <d} denote the positive orthant of X and
set u=(1,+++,1) €B. Since B-nu1 X and B + nu | & as n — o, it follows

that lim _  N(B - nu) = N(X) and lim _ N(B +nu) =0 if N(B) <. Thus
(2.2) lim P(N(B - nu) = 0) = P(N(X) = 0)
n—00
and
2.3) lim P(N(B + nu) = 0) > P(N(B) < ).
n—00

By stationarity, P(N(B + nu) = 0) = P(N(B) = 0) so (2.3) implies that P(N(B) = 0)
> P(N(B) < o) and hence that

(2.4) P(N(B) = 0) = P(N(B) < o).
We conclude from (2.2) and (2.4) that

2.5) P(N(B) < «) = P(N(X) = 0).

Similarly (2.5) holds for each of the other 29 _ 1 orthants of X and hence (2.1)
holds.

For a Borel set A C X, let N*(A)= N*(4, ) denote the number of distinct
sites in A occupied by particles. By definition

N¥A) = X 1,(x )/N(x ).

Clearly 0 < N*(A) <N(A) and N™(A) >0 if and only if N(4)> 0.

Let o be distributed according to a stationary distribution P such that
a(P) < «. Then there is a nonnegative constant A(P) such that EN*(A) =
A(P)|A| for all Borel sets A C X having finite measure. Clearly 0 < MP) < a(P)
and MP)>0 if and only if a(P)> 0. Since EN(A) = a(P)|A|, we conclude that if
0 < |A| < o0, then N(A) = N*(A) with probability one if and only if a(P) = A(P).
Thus a(P) = A(P) if and only if N = N* with probability one or, equivalently, if
and only if, with probability one, w assigns distinct locations to each of the par-
ticles. :

For r>0, set A =lx € X: |x!| <7, i=1,2, ..+, d} The next result extends

Korolyook’s theorem.
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Theorem 2.2. Consider a stationary marked process having distribution P such

that a(P) < co. Then

.1 ‘
(2.6) a(P) = lim |K—| E[N(Ar)liN*(A')=l }].
r
Proof. For r>0 set I' ={x €X: 0 <x'<r i=1,2,+..,d} To prove (2.6)
it suffices to show that
(2.7) rn!N*(I")ﬂr

r—0

a(P) = lim —— EN(T
r]

To verify (2.7) we let N_ n(r‘l), n € Z% be the random variable defined by
N"n(rl) = N(nr + rr)I{N*(nu-l‘,):l! if r+ " CT'} and N',n(rl) = 0 otherwise.
We also set N (I')) =2 N (['}). Then 0 <N (")) <N(I")) and, with probability
one, N'(Fl) = N(rl) for r sufficiently small. Thus by dominated convergence

a(P) = EN(T)) = lim EN (")) =lim 2 EN, (T).

r—0

As r — O there are asymptotically 1/|I" | values of n such that nr + l_‘r cr,.
Thus by stationarity we conclude that (2.7) holds and hence (2.6) holds.

Corollary 2.1. Let P be as in Theorem 2.1. Then

(2.8) AP = lim —— P(V¥(A) = 1)
r—0 Ar[ r

and, if a(P)> 0,

(2.9) a(P)/NP) = lim EIN(A)| N*(A) = 11.

Proof. We obtain (2.8) by applying Theorem 2.2 directly to the random distri-
bution N*. Clearly (2.9) follows immediately from (2.6) and (2.8).

3. Tagged particle process. Throughout this section we consider a stationary
marked process having distribution P such that 0 < a(P) < co. Set Q, =
{w: N(0) > 0}.

Theorem 3.1. There is a unique distribution Q on Q, called the tagged par-

ticle distribution, such that

3.1) a(P)|A| f 0(dw)f(w) = f Plda) X flo - x )M ,(x)

for all nonncgative measurable functions { on Q and all Borel subsets A of X

baving finite measure. Q is such that Q(QO) =1,
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Proof. Let { be a nonnegative bounded Borel function on 2. Consider the

measure )t/ on X defined by
M) = [[Pla) T fleo = )15 ).

It follows from the stationarity of P that A (A + )= /\/(A) for all ¢ € X, Thus
there is a constant B(f) such that B(f)|A]| = )\/(A) whenever |A| < «. Choose |A]
such that 0 < |A| < e. Then

(3.2) B(/) - |711T [Pldw) I flw - x )1 ,(x)

holds for all nonnegative bounded Borel functions f. Thus there is a unique prob-

ability measure Q on {0 such that

1
(3.3) St - - B0

for all such /. It follows from (3.2) and (3.3) that Q is the unique distribution
satisfying (3.1). By setting [ = 100 in (3.1) we conclude that Q(Q,) = 1.

Theorem 3.2. (i) Q is the unique probability measure on ) such that for any
bounded measurable function { on Q) and any bounded measurable function g on

X baving compact support

(3.4) a(P) [0(o) [ e + g0t = [ Pldw)fie) [ gONGD).

(ii) For any bounded continuous function { on 1,

(3.5) a(P) [ 0(dw)f(w) = lim I’ALT [Pla N ).

Proof. Choose a Borel subset A of X such that |A| = 1. Then

a(P) [ 0o [ flo + g de = [Pldw) T [difleo + 1 - x)1,(x )gl0)
= fP(dw) fds Z flo + $)1 4(x Jglx, + s)
= fp(dw) f ds Z flal 4 (x, - s)glx)

- [ Pldo)fw) T glx) = [ Pldo)w) [ gloN(dr).

This establishes (3.4), from which (3.5) follows immediately. Since (3.5) follows
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from (3.4) and uniquely determines Q, we conclude that (3.4) uniquely determines
0.
Corollary 3.1. Suppose a(P)> 0 and let { be a bounded continuous function
on Q. Then
a(P

) ) .
(3.6) ) J etdo)f(e) = tim Elf@NG,) N¥(A) = 1]

and, if the particles occupy distinct sites with probability one,
(3.7) [ 0l f@) = lim Elf@)| NA) = 1).
r—0

This result follows immediately from Theorems 2.2 and 3.2. According to
(3.7), if the particles occupy distinct sites with probability one, then Q(4) can be
interpreted intuitively as the '‘conditional probability of A given that there is a
particle at the origin.”” If X = Z? then this interpretation is rigorous, as can

easily be seen by first letting B = {0} in (3.5) to conclude that

(3.8) a(P) [ Qldef(w) - [ Pldo)f(wIN().

By letting M be a set consisting of a single point we can apply the results
of this section to ordinary counting measures (no marks). We will do so in the two
examples below, where we compute Q explicitly in some important special cases.

Example 1. Consider a random counting measure having distribution P on z4
such that under P {w(x), x € Z%} are independent and identically distributed random
variables having density » and mean a, 0 < a< . Then under Q {w(x), x € Z%}
are independent random variables such that w(x) has density b for x £ 0 and
0(w(0) = y) = yh(y)/a.

This result follows immediately from equation (3.8) by considering functions
[ of the form flw) =11, f (w(x)), where ] is a finite subset of A

Example 2 (compound Poisson process). Consider a Poisson process e}
with parameter A on X. At the points ¢; we lay down £, particles, where €,
are independent and identically distributed nonnegative integer-valued random
variables having density b, mean p, 0 <p <, and {{ } is independent of te
The random counting measure N on X defined by N(B) = EifilB(ti)’ called a
compound Poisson process, is a stationary random counting measure whose dis-
tribution P is such that a(P) = Ay. The corresponding tagged particle process is
obtained by starting with the original compound Poisson process and independently
adding N(0) particles to the origin, where Q(N(0) = y) = yh(y)/p.

To verify these conclusions, we choose A in (3.1) such that |A]| =1 and set
flw) = 1{n (9=, Then by (3.1)



316 S. C. PORT AND C. J. STONE
MOWN(O) = ) = [ Plaw) T 1,61y, oy = [Pl ZELLI e

—y [P 1,001,y = Ably),

so that Q(N(0) = y) = yh(y)/p.

Let A, Aj, ---, A be disjoint compact subsets of X such that 0 € int A .
Let /i(w)’ 0 <i<n, be bounded continuous functions of w such that /l.(co) de-
pends only on the restriction of w to A . Then for 7 sufficientlv small Ar CA,

and hence
[ Pla) TT £ (N = EfglIN) TT Ef (o).
i=0 i=1
We conclude from (3.5) that

n n

1

0(dw) [] flw) = I1 Ef (@) lim —— E/ (@N(A).
i=0 i=1 r—0 lArl

This shows that under Q the random variables /O(w), ceey /n(w) are independently

distributed and ll(co), ceey /n(w) are distributed under Q exactly as they are under

P. The remainder of the results of Example 2 follow from these observations.

4. Applications of the ergodic theorem. Let P be the distribution of a sta-
tionary marked point process such that 0 < a(P) <« and let Q denote the corre-
sponding tagged particle distribution. In this section we will obtain some applica-
tions of the multidimensional ergodic theorem.

Lec § denote the o-field of all Borel sets A in Q such that 1 (0 +1) =
1 (@) with probability 1 (w.r.t. P) for every ¢ € X. Set

Ap=ixeX:|x|<T,1<i<dl, T>0,

and set C = A1/2' Then |C|=1.

Let Z(w), w € Q, bea random variable such that [P(dw)|Z(w)| < . The
multidimensional pointwise ergodic theorem (see Theorem 17 of VIIL.7 of Dunford
and Schwartz [1]) implies that there is an §-measurable function Z(w), » € Q,

such that

. 1
(4.1) lim ——

lim A fAT Z(w - dt = Z(w)

with probability one w.r.t. P. It is easily seen by separating Z into its positive
and negative parts and using a truncation argument that (4.1) is also valid in the
sense of fl convergence w.r.t. P. Consequently Z = E[z)}].

Set
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N = EINO)|] = ;Twl - fA N(C + 1) dt.

Since

[, NCrna<n@ap< [ NCr D
Aroa T+1

we conclude that
N(A T)

4.2) Lim =N
T—oo ,A T

both with probability one and in £, w.r.t. P. Observe that EN = a(P).

Next we will show that
(4.3) P(N = 0) = P(N = 0).

To verify (4.3), let B be a relatively compact subset of X. By (4.1)

(4.4) E lin o T fA NGB 1020 (@) dt = PN(B) = 0).
It is easily seen that the random variable in the left side of (4.4) equals 1 when-
ever N =0. Thus P(N = 0) < P(N(B) = 0). Since B is an arbitrary relatively com-
pact subset of X, we conclude that P(N = 0) < P(N(X) = 0) = P(N = 0). But clearly
P(N = 0) < P(N = 0), so (4.3) holds.

Let / be a bounded measurable function on ). We conclude from (3.4) and
(4.2) that

“5) a(P) lim —— f Q(dw) f flo+ 0di= [ PldNfw).

T—o00 |

By letting [ be the indicator function of the event that the limit in (4.2) exists and
is finite, we conclude from (4.5) that N exists and is finite with probability one
w.r.t. Q. Using a similar argument we conclude that if / is a bounded measurable

function on Q then

f (@) = lim ! f flo + 1) dt

T—oo | T‘
exists and is finite with probability one w.r.t. Q. We conclude from (4.5) that

(4.6) a(P) fQ(dw)f(w) = fP(dw)N/(co)-

By letting { denote the indicator function of the event {N = 0}, we conclude from
(4.6) that N £ 0 with probability one w.r.t. Q. It also follows from (4.6) that
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“ o) otaw) L2 - S5 g01 P,
In particular ’
1 1
. = dow) = = —— .
4.8) Q) - [ 0w = - 5 PN £O)

Let P’ be the distribution of a stationary marked process such that 0 <
a(P') <= and let Q' be the corresponding tagged particle distribution. It follows
from (4.7) that Q' = Q if and only if P’ is of the form

JP@)fw) = ¢ [ Pldo)fw) + (1 - f0),

where 0 < ¢ < 1/P(N # 0). It also follows from (4.7) and (4.8) that if Q' = Q, then
either of the conditions a(P') = a(P) or P'(N = 0) = P(N = 0) guarantees that
P' - P.

5. Weak convergence of processes. In the next theorem we indicate the extent

to which P and Q depend continuously on each other.

Theorem 5.1. Let P, n> 1, be distributions of stationary marked processes
such that 0 < a(Pn) < o and a(Pn) — ¢ as n — o, where 0 <c <oco. Let Q be
the corresponding tagged particle distributions. Then there is a distribution P of
a stationary marked process such that a(P)=c and P_— P weakly if and only if
there is a probability distribution Q on Q such that Q — Q weakly, in which
case Q is the tagged particle distribution corresponding to P.

Proof. Suppose that P_ — P weakly and a(P ) — a(P). Let [ be a bounded
continuous function on @ taking values in [0, 1] and let g be a nonnegative con-
tinuous function on X having compact support and such that [g{x)dx = 1. It

follows from Theorem 3.1 that

(5.1) a(P ) [0 (o)) = [P (o) X flw - x )glx)
and
(5.2) a(P) [ QUd)f(w) = [ Pldw) X flw - x Jglx).

Since w + ¢t is jointly continuous in @ and ¢, we conclude that
Flw) = Z flo - x'.)g(xi)
1

is a nonnegative continuous function on {}. Thus by (5.1) and (5.2)
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(5.3) lim inf fQ (do)f(w) > fQ(da))/(o))

n—o0

Replacing f by 1 -/ in (5.3), we conclude that
(5.4) 1 - lim sup an(dw)/(w) >1 -~ fQ(dco)/((o).

Consequently lim _ an(dco)/((o) = [0(dw)f(w), so that Qn — O weakly as
n — oo.

Suppose conversely that Q — Q weakly. Let A be a compact subset of X
and let b be a bounded continuous function on Q such that hlw) = 0 whenever
N(A) = 0. Let g be a nonnegative continuous function on X having compact sup-
port and such that g = 1 on A. Set Gl(w) = [g(t)N(dt). Set H(w) = max (G(w), 1)
and f(w) = h(w)/H(w). Then [ is a bounded continuous function on Q. Also

(5.5) f(@)G(w) = hw), ©eQ.

Equation (5.5) is obvious if Glw)> 1. If G(w) <1, then 1> Glw) > [, g(tIN(dt) >
N(A). Thus N(A) = 0 and hence f(w) = hlw) = 0. Thus (5.5) holds also if
Glw) < 1.

By (5.5) and Theorem 3.2

a(P ) f 0 (dw) f _”_(‘:’_t_‘.).g_(_t_) = f P (dw)h(w).
Thus

(5.6) lim fP (dw)hlw) = ¢ fQ(d )f }i(.‘i_"f tlg_(_fl L

n—00 HO)+[)

It follows from (5.6) and Theorem 2.3 of Harris [3] that there is a probability
measure P on ) such that

(5.7) lim [P (do)b() = [ Plde)bw)

n—00

for all such functions A. From (5.7) and Theorem 2.1 of Harris [3] we now con-
clude that P — P weakly. Since P_ is stationary, so is P.
It remains only to show that a(P)=c, since the first half of the proof of the
theorem then implies that O is the tagged particle distribution corresponding to P.
From (5.6) and (5.7)

5.8) JPtdo o) - ¢ [ olaw) [He 080,

Ho + 1)

We can apply this formula when h(w) = N(A) for some compact subset A of X
having positive measure and g = 1,. Then hlw + t) = N(A - 1) and Hlw + 1) =
max (N(A - ¢), 1). Thus (5.8) becomes
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A-1)

5.9 PUNA) = ¢ [ 0ldw) [, ——NA-D

J Jow f, o

Since each O  assigns probability one to the set {N(0) > 1}, so does Q. Thus with
Q-probability 1, N(A —¢)>1, ¢t € A, and hence (5.9) reduces to [P(dw)N(A) =

c|A|, which implies that a(P) = ¢ as desired.

6. Marked motion process. A marked motion counting measure Y is an integer-
valued measure on X x Mx X x M such that (A x M x X x M) < e and
U(X x M x A x M) <o for all compact subsets A of X. Associated with ¥ is its

realization as a sequence of points {(xl., m., xl.', m;)i such that
_Ufflﬁ(dx, dm, dx’, dm')/(x, m, x', m) = Z /(xl., m xl{, ml')

Let ¥ be the collection of all such measures ¥. We can make ¥ intoa com-
plete separable metric space in such a manner that ¥ — ¢ if and only if
lim f/dlﬁn = [fdy for all bounded continuous functions f(x, m, x’, m") which
either vanish for x outside of some compact set or vanish for x' outside of some
compact set. By a measurable subset of ¥ we mean a Borel set.

For Y €¥ and ¢t € X define Y + ¢t € ¥ by

JIJI (l/f + t\dx, dm, dx’', dm')/(x, m, x', m')
= ffff Uldx, dm, dx', dm')(x + t, m, x" + 1, m").

Then ¢ + ¢ is jointly continuous in ¥ and ¢. The measure ¥ gives rise to mar-

ginal marked counting measures @ and o' on X x M defined by

wB)=¢(BxXxM and o'(B)=¢(Xx M x B).

Both © and ' depend continuously on .

By a marked motion process we mean a random marked motion counting mea-
sure ¢ distributed according to a probability measure R on Y. We think of the
corresponding random marked counting measures » and o' as the marked processes
at times 0 and 1 respectively. The distribution R gives rise to the marginal dis-
tributions P and P' of ® and o' respectively. The marked motion process and
its distribution R are called translation invariant if [R(aY)f(y + t) = [R(dY)f())
for all bounded measurable functions [ on ¥ and all ¢ € X. If R is translation

. . ! .
invariant, then P and P are stationary.

Theorem 6.1. If P and P' are the marginal distributions corresponding to a

. . . . 1
translation invariant marked motion process, then a(P) = a(P").

Proof. Set A ={x € X: 0<x'<1,1<i<dl Then A +n, n€Z% isa
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partition of X into disjoint sets. By translation invariance for n € Zd,

JRGWAA < Mx (4 +2) x M) = [ REBWAA —n) x Mx 4 x M),

By summing on n € Z% we conclude that

JRPWA M x X M) = [RE@PX x Mx 4 x M)
or equivalently that
J Plawota x m = [Pawo’a x M.

This shows that a(P) = a(P").

We assume throughout the remainder of this section that R is translation in-
variant and that 0 < a(P) = a(P') <. Let Q and Q' be the tagged particle dis-
tributions corresponding to P and P'. Then Q' is the distribution of o' viewed
from a particle selected ‘‘at random’’ at time 1. We will now determine several
ways in which Q' can be considered the distribution of ©' viewed from the posi-

tion at time 1 of a particle selected ‘‘at random’’ at time 0.

Theorem 6.2. There is a unique distribution Q on Q such that

6.1) a(P)|A] f Qldo')f(w') = | riap) X fo' -1 ,(x)

for all bounded measurable functions { on ) and all Borel subsets A of X having

[inite measure.

The proof of this theorem is the same as that of Theorem 3.1.
Theorem 6.3. 0 =Q'.

Proof. Let A be a subset of X such that |A] = 1. Let B be a Borel subset

of X and / abounded measurable function on Q. Then
2P [ Q) [, o' 4 0de= [Rap) T [0 + 1= 51,601 50 e
- [r@y) z [ + 91,61 gls + xVds
- [R@pf) 1,6, - 9,6 ds
- [REap) W' (B) - P o)l W' (B).

Thus by Theorem 3.2 we conclude that Q = Q.

Theorem 6.4. There is a family S(w, dp), w € Q, of probability measures on
VY baving the following properties:
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() Slwy WloW) =w D=1, v, €Q.
(ii) S(w, B) is measurable in w for each measurable subset B of Y.
(iii) S(w + ¢, B+ 1) = Slw, B).

(iv) If [ is a nonnegative measurable function on ¥, then

JR@p) = [ Plae) [ s, dp).

Proof. See $8 of Harris [3]. (With respect to (iii), Harris showed only that,
for fixed ¢ and B, it holds with probability one. However, by using the fact that
¥ is a complete separable metric space, it is straightforward but a little tedious
to show that there is a version so that (iii) holds as stated. See Appendix 2 of [3]
for similar arguments.)

By definition, S(w, -) is the conditional distribution of { given w, when ¥
is distributed according to R. More generally, we can use S(w, +) together with
any initial distribution of @ to define a distribution on Y. In the next theorem we
will do this, letting ® be chosen initially according to Q. We will show that the
distribution of @' viewed from the position at time 1 of a particle chosen at ran-

.« . . . . 1
dom from those at the origin at time 0 is just Q.

Theorem 6.5. For any bounded measurable function [ on 1,
¥ 1 ’ ! 1 ! U
62 o) | s, d¢)mzi: flo' = D1y ) = [ Q' (do" Ve,
Proof. Set glw) = [ S(w, dt/:)(l/N(O))Z.f(a)' —xf)lm}(xi). Then

glw-c) = fS(w c, df) — 3 Z flo' x;)lgo}(xl. -c)

(
1 ' '
- [Stw, d@p) R MG EAUN G

Let A be a subset of X such that |A|=1. By Theorem 3.1 the left side of (6.2)

equals
5, J P Zglo - <140
- J Ptaw) Z1lx) [ stw, ap) N-(l;:)}: flo' = &g lx, - x)
-, [P J stw, ap) > N_(lx_) e )" = E)1j)lx, - %)
(P)f (¢)z __1 Al @ — g (e, - x)
- L R IZIA(xi)/(w' —x) = [ Bl = [ 0'(d )
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as desired.
We conclude this section by describing some continuity properties of motions

corresponding to independent translations. These results will be used in $8.

Theorem 6.6. Let S(w, di)) be such that if o ={(x, m )}, then ¢ is dis-
tributed as (x, m, x, +w, m )M, where {w } are independent and identically dis-
tributed random variables which are independent of {(xl., ml.)i. Then Slw, dy) de-

pends continuously on ® (in the sense of weak convergence of measures).

Proof. Let © , — . We suppose that (un(X x M) =w(X x M) = =, the modifica-
tions necessary to handle the other cases being straightforward. We can suppose
that

w, = i(x(l."), m(l."))i and © = {(xi, mi)l,

(n)
1
S(w, dy) correspond respectively to the distributions of

)

where x."’ — x_. and mE." — m_ as n — oo. The distributions S(con, dyr) and

(n) _(n) _(n)
Y, = {(xi" MRS e w, mi."))f and ¢ = f(xl., my X, tw, mi)i-

But l/ln — ¢ with probability one as n — o and hence the distributionof glln

converges weakly to that of .

Corollary 6.1. Let S(w, d) be as in Theorem 6.6. For any distribution P on
Q define the distribution P' on Q by the formula

J P o) = [ Pl [ Stw, dp) flw).

Then P' depends continuously on P (in the sense of weak convergence of

measures).

7. One-dimensional case. We will now assume that d = 1 and hence X = Z
or X = R. We will consider a stationary marked process having distribution P
such that 0 < a(P) <o and P(N(X) > 0) = 1. By Theorem 2.1 we can consider P

defined on the Borel sets of

Q% = {w: N((s, 0)) = N((0, =)) = oo}.

Closely related to the tagged particle distribution Q is a ‘‘spacing process’’
having distribution Q. In this section, we will obtain closed form expressions
relating P, Q, and Q, to each other and show that these distributions depend
continuously on each other.
Let E denote the collection of all doubly infinite sequences & of elements
tf[. = (ni, m,.) in X1 x M, where X' = {x € X: x > 04, such that zgwni -
(°)°1]l. = oo. For the measurable sets on Z take the product o-field. For ¢ € B we

let 7 =n(&) denote the doubly infinite sequence of elements 7,. The shift
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S: B — E is defined by (Sf)l. = §i+l = (T’i+1’ mi+1)-

Let @ € Q*. Then @ corresponds to the sequence {(x, m )} of elements
of X x M. We can assume that x, ; >x forall i, x, <0, and x; > 0. Clearly,
lim

x,=—o0 and lim, % = o since there are only a finite number of the

71— =00 0o

x s in any compact subset of X. Set 7(w) =x, , -x,{(0) =((0), m(w)), and
fw) = {€ ()7, Observe that 7,(w) >0, w € Q™

For £= {(771., mi)fo_o
g+ +m_p mN” . Here ng+ evdm,_ =—(p +--+7_,), i<-1, and
Mg+ +++17_, =0. Observe that w({) € Q;, where Q: = {fw €Q*: N(0) > 0}

Observe also that

. . * .
w in B, let (£) be the element in Q™ corresponding to

(7.1) ollw) =w, o eQF,

(7.2) fwld) = ¢ if and only if 7,(&) >0,
and

(7.3) W($) =)= (g + -+ m,_y).

Theorem 7.1. Let w, € Q’g and set N(0) = N(0, wo). Then
{€ eB: 0w =w,t= fS'if(wo): 0<i<N(O)-1}

Proof. Observe that x_yo)(@;) <0 and x_ (w0 ) =0, 0<i<N(0)- 1. Con-
sequently, 7y oy > 0 and 7_ l.(wo) =0, 0<i<N(0)-1. By (7.1) w(f(a)o)) =w,.
Choose i such that 0 < i< N(0) - 1. Then

No@g) +eevtn_,_ @) ==Ip_fo)+ - +7_jl0)=0

and hence by (7.1) and (7.3) o™ %0 ) = 0(w,) = v,.
Suppose conversely that & € 5 and w(£) = w,. Set

i = max {;: Mo+ 1M,y =0}.

Then 0 < i <N(0) -1 and w(S%€) = w(€). Also 7y(S'€) > 0. Thus by (7.2)
Ho(S€)) = S'¢. Consequently, éw,) = olf)) = Lw(S'®) = S?¢ and hence & =
S’if(coo)- This completes the proof of the theorem.

A probability distribution on E is called stationary if S is measure preserv-
ing with respect to this distribution. Stimulated by the results of Ryll-Nardzewski
[4] we would like todefine a distribution Q, on E which is stationary and corre-
sponds to Q in a natural way.

If Q(N(0) > 1) =0, we can let Q, be the distribution of Hw) when o is dis-
tributed according to Q. If, Q(N(0) > 1) > 0, however, then &w) is not stationary.



INFINITE PARTICLE SYSTEMS 325

To see this we need only observe that Q(T}O(w) =0)=0 but Q(n_ l(w) =0) =
Q(N(0) > 1) > 0. A reasonable guess is to choose &w) at random from the points in
{€ € B: w(é)= w}. Led by this reasoning and Theorem 7.1 we define the spacing
distribution Q. by

N(0)-1

2 (ST,

fo g0 - [ o) 7 %

. —
for g abounded measurable function on =.

Theorem 7.2. The shift operator S is measure preserving with respect to the

spacing distributions Qo-

As a first step in proving this theorem we will obtain a result that is itself

interesting.

Lemma 7.1. Let { be a bounded measurable function on Q: Then

(
(7.4) fQ(dw)/w 'N‘o’ fQ( f(“’)

Proof of Lemma 7.1. Consider the motion process {(x, m, x._;, m,_)}
Since ®' = @ with probability one we conclude that P’ = P and hence Q' = Q.
Thus by Theorem 6.5

Jouo) o Tito - x,_ i) = Qo))

Now X_(N()—1y =" =% =0 and x <0, so

0 -N(0)
1
Jotdo) —= N0~ 1) + o = x_y o)1 - [ 0ldfto),

from which (7.4) follows immediately.
Proof of Theorem 7.2. By setting f(w)=g(é(w)) in (7.4) we conclude that

o gEw = x_ ) g(€())
(7.5) a = .
J 0de) N(0) f o) N(0)
By definition
N(0)-1 .
J0,@058) = [0l - T gsmilw))
N(O) i=0

and hence
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. N(0)
Jo a0 = [ Qo) o= T ¢l5™ 8w,

1—0
Consequently,

(s=NOHw)) - g(&w))
7.6 Jo,ade(s~18 - g&) = [ 0ldw) N(:; e
Observe that
(7.7) s=NOHy) = o - x ).

~N(0)

From (7.5)—(7.7) we conclude that the left side of (7.6) equals zero, which proves
the theorem.

For o €Q% let ft }” be the atoms of the measure N on X arranged in
increasing order so that ty =%, . Then for A a Borel subset of X, N(A) =
EiN(ti)l (tl.) The following theorem provides a characterization of the tagged
particle distribution Q. It says that 0(dw)/N(0) is stationary in an appropriate

sense,
Theorem 7.3. For any bounded measurable function [ on Q:,
flw f(w)

(7.8) fo(dm)____f Qo) =2, oo <i<en

Proof. Observe that x_p gy =t_;- Thus by Lemma 7.1 for any bounded mea-

) *
surable function b on 1,

o — ¢ l(w))

hlw)
7. o(d ___.___.___
(7.9) (do) = f ota) 25

Set hlw) = flo — t (@)). Since tfw -1_;(@)) = t;_1(@) - t_,(@), we conclude that
ho-t_ ) =flo-1t,_ l(“’))‘ Thus (7.9) becomes

] ot f (doo) ——

which implies that (7.8) holds.

f(w-—t)

—
=

Theorem 7.4. Let g be a bounded or nonnegative measurable function on =

and let A be a subset of X such that 0 < |A| < eco. Then

a(PYA] [ 0,(d)g(&) = [ Plde) T 1,(x Jg(s™ ().
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Proof. It follows from Theorem 3.1 and the definition of Q that

] N(xi)—l
- S™i8w - x ).
N(xi) Igo g( f(w xl )

Let i, be definedby i) =1 and 7, -1, = N(xik). Then Xiti= %0y > =10

a(P)IA] [ 0, (@)g& = [Pldo) L1,(x)

0<;< N(xik) -1, and hence
STilw - x, ) =57IS *w) =S * T Ew), 0<j<NGx ) -1
k k

We conclude that

N(x.)=1 N(x; )=1

1 i . _ k iy .
;1A<xi)@ z g(s ’sf(m—xi))_§lA(xik) ?:0 g™ Eo —x, )
BTt g1 !
R RVCREED O o) = 2 L 1,6)el7Ew)
k j=0 -zk

= z IA(xi)g(S'if((:>))a

from which the theorem follows.
We will now derive a series of formulas for computing P, 0, ag‘d Q, interms

of each other.

Theorem 7.5. Let | be a bounded or nonnegative measurable function on 0¥

and let g be a bounded or nonnegative measurable function on . Then

(7.10) J Plaw)e) = alP) [ 0lde) () j Mo — D
N( )
1D ) [ Qle)e) = [Plda)o - xg) —
Mo
N(0)=-1
(7.12) IQ (df)g(f) fQ(dco) ( ) Z g(S’if(w));
=0
(7.13) J ot = fo @,
’V(xo)-l
10 P [0, o= [Pl X g5m g,
Mo =0

($)
(7.15) Jrawye) - ap) f o @ [0 fol@ - a.
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Proof. Let A be a subset of X such that |A| = 1. By Theorem 3.1

(W=x )

Mo (@)
2P [ o) [1° bo-ndi= [Pao) T [ o ity )ae
- Jran) T [0 -1 Mo, ey OLa L)

= fP(dw) fzz h(w

= f P(dw) fZ b(w)l[o,no(w+s-x (orsm's = %@ + N1 4 (x (o + 5)) ds

_ S)I[O,ﬂo(w-xi))(s - xi)lA(xi)ds

= fP(dw)b(co) f Z 1[0,770(0-:6.))(_ xi)lA(xi + s)ds

- [ Paono) Ty, _, 1= [ PldolonGy).

In summary
(w)
@16 aP) [0uo) [[° Mo~ Ddi = [ PlwING,).

Set hlw) = f(@)/N(xy) in (7.16). Since hlw - 1) = flw - 1)/N(x), © € Q} and
0<t< no(w), (7.10) follows.

By setting h(w) = f(o - x)/7, in (7.16), we obtain (7.11). Equation (7.12) is
true by definition.

Setting g(&) = flw(£)) in (7.12), and using Theorem 7.1, we find that

N(0)-1

Jouabre@ - fou) = T flals™ i) - [ oldwifio),
/=0

which proves (7.13).
To prove (7.14) we set f(w) = (1/NO) EN(D=1 ¢(s~¢w)) in (7.11) and use
(7.12) to conclude that

1 N(0)-1 )
a(P) [ 0,(dg(d = a(P) [ 0de) o L g7 iEw)
=0
N(xo)-l N(xo)-l
Pt X gie -x ) = [Pal X gsmidw).
T]o i=0 770 =0

To prove (7.15) we set g(é) = fgo(f)/(w(@ — 8)dt in (7.14) and obtain

M,(8)
a(P) [0, [ ° flwl@ - D

(7.17) N(x,)-1

= fP(dw)-L OZ f

Mo =0

70(STIE (@)

o flw(S ™ Ew)) - 1) dt.
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Observe that w(é)) =w - xo(m) and

nO(S'if(w)) =n,lw), i=0,
=0, 0<i<Nxg)-1.
Thus by (7.17)

() (@)
wtP) [0, [1° @ - nar = [P [ o - x, - 0ar
Mo

1
= fP(dw)f———— l[xo’xl](s)/(w - s)ds

*1 =%

l[xo(w+5).xl(w+-¢)](s)

- [Plaw)o) ds = [ Pldw)f(w),

as desired. xl(co +s) - xo(co +s)

Corollary 7.1. The following formulas involving a(P) are valid:

N(x,)
(7.18) [Pt —2 = a(p
Mo
(7.19) [otde) —% ~ L,
RO T aP)’
1

0 L

(7.20) f 0,(démy (&) 5P

Proof. Formula (7.18) follows by taking /: 1 in (7.11); (7.19) follows by
taking =1 in (7.10); and (7.20) follows by taking f=1 in (7.15).

Let ? denote the collection of all stationary distributions P on Q* such
that a(P) < . We topologize ? such that P_-— P if and only if P_ converges
weakly to P and a(Pn) — a(P) as n — .

Let 2 denote the collection of all probability measures Q on Q; such that
B(Q) = [Q(dw)(n,/N(0)) < e, and for all nonnegative measurable functions [ on

*
T flw - 1)
© -t (w)
Q(a’co) - (dw) L— s — 00 < 7 < oo,
f N(0) f ¢ N(0)

We topologize Q sothat Q0 — Q if and only if Q converges to Q weakly and
B(Qn) — B(Q) as n — oo,

Theorem 7.6. The map from P to 2 that takes P to the corresponding
tagged particle distribution Q is a homeomorphism of P onto 2. This map is
given explicitly by (7.11) and its inverse is given explicitly by (7.10) with
a(P) = 1/B(Q).
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Proof. The main thing that needs to be shown is that every Q € Q arises as a
tagged particle distribution. To this end, choose O € Q. Let P be the probability

% .
measure on {)" defined by

1 1 o
(7.21) [ Pldofte) = 20 I 0ldo) _[O flw - .

Using the definition of 2 and the observation that 770((0 - ti) =t,1-t; we con-

clude that

Mo(@=t;

1 1 3
[ Plao)fw) - ) Jouw) = |, flo—t,- di
1 1 Liv1™t
= — —_— —t.—t)d
) fQ(dw) N .[o flo - ¢, t)dt

- B_(l@ [ otdw) mla _[:“ flw - D,

By summing on i we find that

1 1
| Pldo)fiw) = Py Jotw) = [ o - D

Similarly
1 1 oy
[ Plaw)fo - @) - ) [ otdw) 5 [ o= Dar
and hence
2|al|
IfP(dw)/(m -a) - fP(de(w) < RO I

Since i can be made arbitrarily large we see that for { bounded [Pldw)flw - a) =
[P(dw)f(®). This shows that P is stationary.
Observe that

tlo -0 =t () -1, 0<t<t,(w),
N(ti((i)—l)’(l)—t)=N(0,(l)"'ti)9 05[<[l(w)9

*
tlo)=-1t_Jo-1),  ©eQg

and

t,.(w) - tl(w) =—1 __,,(cu - t'.).

1

Thus by (7.21), for [ >0,
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BQ) [ Pldo)w - t N, )1 ,(1)

1 ll((")
- Jotw) == [ ot 1o - N o = 00 = DL 4le o - Nl

1]

1 £
fQ(dw) O Ao - tl.)N,(O, © - ti) f‘i"l 1,(s)ds

-t_ (w-t)

()f(w—t)N(Ow D o oy LAl

fQ(dco)

]

[ otdwfte) f 1,00 ds.

By summing on i we conclude that

(7.22) [P T o - x)14x) = 22 fow)o)

Taking f=1 in (7.22) we see that

4]
(7.23) [ Plaw)nia) 50y
From (7.23) and the fact that P is stationary we see that P € P. It follows from
(7.22) that Q is the tagged particle distribution corresponding to P.

We have now shown that the map described in the statement of Theorem 7.6
is an onto map. It follows from (7.10) that the map is one-to-one. Finally, we con-
clude from Theorem 5.1 that both the map and its inverse are continuous.

Let 90 denote the collection of all stationary probability measures Q. on
= such that y(Q) = [0 ,(d&)n (&) < .

Let Q be in 2. Then there is a unique P €% having Q as its tagged par-
ticle distribution. Let Q be the spacing distribution corresponding to P. By
Theorem 7.2 and Corollary 7.1, O, € 90' We refer to Q) as the spacing distri-

bution corresponding to Q.

Theorem 7.7. The map from 2 to 5’20 that takes Q to the corresponding
spacing distribution Q  is one-to-one and onto. It is given explicityly by (7.12)
and its inverse is given explicitly by (7.13).

Proof. As in the proof of the previous theorem, the main difficulty is to prove
that the map is onto. To this end, choose Q, € 9 Let Q be the Pl'Obablllty
measure on QO defined by

(7.24) [ o)) = [0, fw(®).



332 S. C. PORT AND C. J. STONE

Let g be a nonnegative measurable function on E. We will show that (7.12)

holds. As a first step we apply (7.24) to the function

1 N(0)-1 )
flw) = o) g) g(§ ™€)
obtaining
N(0)-1 1 N(0,w(£))-1 )

Joun) (G I a7 = [o,ld o X STl
Thus to show that (7.12) holds, we must verify

1 N(0,e(£))-1 ) ’
7.25)  [0,@d oo L SSTe@)- [0,(d0gd.

Set 7 =1(£) =min{i > 0: n;> 0}. Then £(W(€)) = S7¢ and hence S'if(w({")) =
T-ig, Consequently
N(0,w(£))-1

1 -
- (57 &w ()
f Q,(d8) N, (&) g') g7 ¢l
N(0,(&))=1 .
1 ’ (Sr-lf)
= dE) ——— 8
Jeddd oy Z
© n-l n-
= Zl fogur’ ; fQ (df)g(sm-lf)l{f =m,N(0 w(f))—n}(é‘)
2] n=1n-
) nz=l m=0 § IQ (df)g(sm’lg)lgn >0.m, n>0’nm-1= = e n+l=0}(‘9
0o n—l n—l 1
L X X ;[0 s o eeen, =0l

Z ; fQ (@, _; o, wtn=nlé) = IQ (d)g(£),

which proves (7.25) and hence (7.12).
By setting g(&) = 1,(£) in (7.12) we conclude that

Mo
(7.26) B(O) = f 0dw) it f 0,(dE)n, (&) < .

To show that Q € 2 we need to show that for / bounded
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(7.27) T flw)
f ot f Q) L

It follows from (7.12) that for g bounded

0= f0,@8Ns& - (s~ 00 = [ Q(dw)ﬁl(—o—)[g(-f(w))—g(S‘N(O)f(w))]

1
- fotdw ) [BE) - gl ~ ¢_ L.

Now let g(&) = f(@(£)). Then, for w € Qy, gl&®)) = flw(éw)) = flw) and

gllo —1_ ) = flol€lw - ¢_ ) = flw - t_,). Consequently (7.27) holds and hence
0 € 2. It follows from (7.12) that Q, 1s the spacing distribution corresponding

to Q. We have now shown that the map described in the statement of Theorem 7.7
is onto. It follows from (7.13) that the map is one-to-one.

We can make = into a complete separable metric space such that f” — £if
and only if w(S§ ifn) — o(S%) for all integers 7. If the set M of marks consists of
a single point, then {"" — £ if and only if T]i(fn) — ni(f) for all integers 1.

We can make 90 into a complete separable metric space such that Qg") —
Q, if and only if Qg") converges weakly to O and y(Qf)")) — y(Qo) as n — oo,

Theorem 7.8. The map from P to QO that takes P to the corresponding
spacing distribution Q is a homeomorphism of P onto 90. This map is given
explicitly by (7.14) and its inverse is given explicitly by (7.15) with a(P) =
1//4Q ).

Proof. Consider P € P. The maps @ — xi(w) and w — fw) are continuous
with probability one with respect to P. For suppose w_ and w are in Q* and
o- If either X = Z or N(0, w) = 0, then x (o ) — x () for all i Since
w(Sif(wn)) =w, - xi(w") we see that w(Sif(wn)) — w(Sif(wn)) for all i and
hence rf(m") — f(wo). But if X # Z, then X = R and P(N(0, mo) =0)=1.

In order to prove Theorem 7.8 we need only show that the map and its inverse

W —w
n

are continuous. Suppose first that P and P are in ? and P — P, Let A
be a compact subset of X such that |A| =1 and |dA| = 0. Then

J PP dIN@A) = (P a(P) = [ PldINA).

Since the distribution of N(A) under P™ converges to that under P, we con-
clude that

(7.28) lim lim sup fP(")(a’w)N(A)l*N(A) =0.

r —00 n-
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Let g be a bounded continuous function on =. By (7.28) and Theorem 7.4,

n 1 n ( -1
fo, ()& = — fP( Ndw) ; 1,(x )g(8™ ¢ w))

1 -
e [ Ptde _IZIA(xl.)g(S o)) = [0,(dd)(&)

and hence Q‘()") converges weakly to Q. Since y(Qé")) =1/a(P?) = 1/a(P) =
y(Qo) we see that Qf)") — Q. Thus the map is continuous.

The proof that the inverse map is continuous follows by a similar argument
based on (7.15).

Corollary 7.2. The map from 2 to 90 that takes Q to the corresponding

spacing distribution Q is a homeomorphism [rom 9 onto 90.

8. Random motion of rods. We will now apply the results of the previous
section to study the motion of “‘rods’’ on the real line. By a rod we mean a unit
interval. By the position of-a rod we mean the coordinate of its center. The motion
will be such that no two rods have an interior point in common at any time. In the
simplest setting, two rods interchange velocities when they collide.

We first motivate out general definition of the motion by working out the de-
tails of a simple numerical exgmple. Consider three rods labeled 0, 1, and 2,
starting out in the respective initial positions —1, 2, and 7 and having the respec-
tive initial velocities 1, =1, and —2. If these rods could move independently of
each other with these velocities, the position X (1) of the ith rod at time ¢ would
be given by

X =-1+1, 0<1<e,
X, ()=2-1¢, 0 <t < ooy

X,()=7-2t, 0<t<w.
Our rods, however, are constrained not to overlap. We let this be done by suppos-
ing that two rods interchange velocities when they collide. The motion is now
as illustrated in Figure 1.
Let Yi(t) be the true position of the ith rod at time t. We see by inspection
of Figure 1 that
Yo =-1+s 0<e<l, Y(D=2-1 0<t<1,

=1-14, 1 <t <4,

=1, 1<t <2,
=5-2t, 4<u =6-21, 2<1<4,
=2-1 4<u

Y,()=7-21, 0<t<2
2

=1+
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\

1

t
4
2
, /

-1 2

N
=

. Figure 1

For each ¢ the functions Yi(t) can be obtained by first writing Xl.(t) - i in non-
decreasing order and then adding i to the resulting values. For example, if ¢t > 4

we obtain

X,)-2=5-21, X D-1=1-1, X(D-0=-14+r.

By adding i to the ith such value we find that
Y =5-2, Y, (D=2-1 Y, =1+

which agrees with our previous formulas for ¢ > 4.
Consider now a doubly infinite sequence of motions Xi(t), 0 <t < oo, satis-

fying the conditions

(8.1) X,.+|(O)2X,.(0)+l, — 00 < j < oo,
and

lim X()=i=+o 0<1t< o0,
8.2) imgeo T o <

For positive integers m and n let Y,.m"(l) -1, —m<i<n, be the numbers

X,.(t) — i, — m<i<n, arranged in nondecreasing order. It follows from (8.2) that,
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for fixed i and ¢, Yimn(t) is constant in m and n for m and n sufficiently large.

We denote the constant value by Y () =lim Y. (:). Clearly

(8.3) Y@ -i<y(D-j i<
It follows from (8.1) that

(8.4) yi(o) = XI,(O), — 00 < i< oo,

Similarly for each pair of positive integers m and n and each t > 0 there is a one-
to-one map i — v, () of {i: - m <i<n} onto itself such that v (1) <v._ (1)
mn - - mn mn

if and only if either

(8.5) X —i<X (D

or

(8.6) X -i=X)-j and i<j

The function v.(¢) = lim v._ (#) exists and is a one-to-one function of the
1 m,n—o° 1mn

integers onto itself such that v (t) <v (¢) if and only if (8.5) or (8.6) holds. More-
4 ; i j y

over, l/l.(O) =17 and

8.7) Yvim(t) —v D =X)-i 0<t<oo.

This construction was suggested by that of Harris [3].
Suppose we replace the functions X (1) by

(8.8) X*O=X. . (D+e
1 l+m
Then
(8.9) Yt(t) =Y, W+c,
0
(8.10) Vi) = umo(t) - iy,
(8.11) Y5 (-0 = X0 -4,
Vi“) ! ’
and
*
(8.12) Ve =Y, ,D+e
1 l+70

Let {£ (1), ¢ > 017 be independent and identically distributed stochastic

processes such that £ (0) =0 and

(8.13) E sup_ €] <oy 0T <o

O<t<
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Let {X (0)}7_ be random variables which collectively are independent of
{0, +> 017 and such that X, ,(0) > X (0)+ 1, X (0) <0 <X,(0), and

[o2)

X (0)
(8.14) lim inf ——> 1,

i—+ 00 z

each with probability one. Set Xl.(l) = Xl.(O) + tfl.(t), t > 0. Then with probability
one (8.2) holds for all ¢ >0, so {Yi(t), t > 0} is well defined. We can think of
{Xl.(t)} as a random counting measure N(¢) defined by [f(x)N(¢£)(dx) = Ei/(Xi(t))-
Similarly we can think of {Yl.(tN as a random counting measure. Let P(¢) denote
the distribution of {Y ()} and let P(¢) denote the distribution of {X ()} Then
P(0) = P(0).

Suppose now that P(0) is a stationary distribution. It follows from (8.14) that
0 <a(P(0)) < 1. For any fixed >0, {(X (0), X (1)} defines a translation invariant
marked motion process. Thus P(1) is stationary and a(P(2)) = a(P(0)). It follows
from (8.9) that f(Yi(O), Yi(t))} is a translation invariant marked motion process.
Thus P() is stationary and a(P(2)) = a(P(0)) = a(P(0)). It follows from (8.12)
that {(Yyi(o)(O), L

Since v (1) is a one-to-one map of the integers onto itself {Y

()} is a translation invariant marked motion process.

)} = {Yl.(z)i in

v;(t)
()} also

the sense that they both define the same counting measure. Thus {Yvi(t)
has P(¢) for its distribution.

Let 0(1) and Qo(t) denote the tagged particle distribution and spacing dis-
tribution corresponding to P(#). Let {7}1.5 be distributed according to Qo(t). Then
{n, - 1} is a spacing process, whose distribution we denote by Qo’l(t). Let
0~ () and P~1(2) denote the distributions in 2 and ¥ ‘corresponding to Qal(t).

Let 0(0) and QO(O) denote the tagged particle distribution and spacing dis-
tribution corresponding to P(0). Let {ﬂi} be distributed according to Q-O(O). Then,
for ¢ <1, in, - ¢} is a spacing process, whose distribution we denote by QaC(O).
Let 07°(0) and P~°(0) denote the distributions in 2 and ¥ corresponding to
QSC(O). Consider particles placed down according to the distribution P~(0) and
translated by the independent motions {£(z), > 0}. Let P~(s) be the distribu-
tion of the particles at time ¢ Let 0~°(¢) and 05°(+) be the tagged particle dis-
tribution and spacing distribution corresponding to P~ <(2).

The next theorem enables us to reduce results involving the interacting sys-
tem {Y (2), ¢ >0} to those of the independent motions {X (1), + > 0}.

Theorem 8.1. 0=1() =0~ 1(), ¢ > 0.
Proof. From (8.7) we see that

@®.15) Y, WO-Y, O-wO-v)=X-i-X (), >0

Vl.(l) vy (o)
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Suppose that {X (0)} = {Y (0)} = 1Y, (0)(O1 is distributed according to Q(0).
1
Choose ¢t > 0. It follows from Theorem 6.5 that {YV“)([) - Yvo(z)(t)} is distributed
1
according to Q(#). But Vl.(t) - v,(t) is the rank of Yvi(t)(t) in {Yvi(z)(t)}’ taking
the rank of Yvo(t)(t) to be zero. By looking at the corresponding spacing distri-

butions we see that

fty, (0 - Yvo(t)(z) - (Vi(t) - v, ()

v (1)
13

is distributed according to O~ L.

Choose 0 < ¢ <1. Then {X (0) - ci} is distributed according to 0~ (0).
Moreover, the points {X (0) - ci} are distinct with probability one. We conclude
from Theorem 6.5 that fxl.(t) - ci- Xo(tﬂ is distributed according to Q™ (s).
Clearly QEC(O) converges to QEI(O) as ¢ — 1, It follows from Theorem 7.8 that
P=<(0) converges to P~1(0) as ¢ — 1. We conclude from Corollary 6.1 that
P=<() converges to P~ 1(t) as ¢ — 1. Thus by Theorem 7.6, 0~ (s) — 0~
as ¢ — 1. It is obvious that the distribution of {Xl.(t) - ci- X.O(t)l converges
weakly to that of in(t) -i- Xo(t)( as ¢ — 1. Consequently the latter is distri-
buted according to Q~ 1(¢). The theorem now follows from (8.15).

Let P, denote the distribution of the Poisson process with parameter A on
R. Let Q) and (Q,)) denote the corresponding tagged particle distribution and
spacing distribution. Let {7 } be distributed according to (Q),. Then {7} is a
collection of independent random variables, each having an exponential distribu-
tion with parameter A. Let (QO); be the distribution of {n, + 1} and let Qi and
P,l\ be the corresponding distributions in 2 and ?. The next theorem shows that
Pi is an invariant distribution for the in(t)i process.

Theorem 8.2. If P(0) = Py, then P(t) = P} forall t> 0,

Proof. Suppose P(0) = Pi. Then P(0) = P(0) = P,l‘, so 0,(0) = (Qo)i. Thus
QSI(O) = (QO),‘ and hence P~1(0) = P). The Poisson distribution is well known
to be invariant for motions defined by independent translations. Thus Pl =
P, and hence Q'l(t) = Q,- Ve conclude from Theorem 8.1 that Q'l(t) =0,-
Thus Q(;'l(t) = (Qo)k and hence Qo(t) = (Qo)i. Consequently P(¢) = P}‘ as de-
sired.

In order to obtain convergence to the invariant distribution, we need to as-

sume that
00

(8.16) il_l.noo Z |Plan < fo(t) <aln + 1) = Plaln - 1) < fo(t) <an)| =0,

n=-—00

0<ag< o,

This condition is satisfied if fo(t) =vgt, 0 <t <oo, where v, is a positive

random variable having an absolutely continuous distribution, or if tfo(t), 0 <t <oo,
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is a nondegenerate process with stationary independent increments (see Stone [18]).
It is also satisfied if fo(t), t >0, is normally distributed with a variance approach-
ing infinity as t — oo.

Recall that N denotes the limit of N([- T, TD/2T as T — . We will con-
sider distributions P € % such that

(8.17) N = a(P) with probability 1 w.r.t. P.

In the next theorem we will see that under appropriate conditions the dis-

tribution of {Yl.(t)} converges to an invariant distribution as ¢t — oco.

Theorem 8.3. Suppose that (8.16) holds and that {Y (0)} is distributed accord-
ing to a P(0) € P that satisfies (8.17). Then

. 1
(8.18) lim P(1) = Py,

t—00

where A = a(P(0))/(1 - a(P(0))).
Proof. Suppose that P(0) € ? satisfies (8.17). It follows from Theorem 7.4
that
S T PO 1
S T0)

with probability one w.r.t. QO(O). From this we conclude that

e V2{ ()] ) . =_1
(8.19) N = O with probability 1 w.r.t. P~'(0).
From (8.16), (8.19), Theorem 2 of Stone [8], and Theorem 2.1 of Harris [3] it
w P10 = Py, where A = a(P(0))/(1 - a(P(0))). Thus by
Theorem 7.6 lim, 0~ 1o = Q)+ By Theorem 8.1 lim, Q-I(t) = Q,- It follows
from Corollary 7.2 that lim,_ Qo'l(t) = (Qo))\' Consequently lim,_ Qo(t) =

(Qo)i. Finally, we conclude from Theorem 7.8 that (8.18) holds as desired.

follows that lim,_
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